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We in v e s t ig a te  s t e l l a r  models for  main-sequence and horizontal-branch  
s ta rs  constructed  using the Carson o p a c it ie s  and make comparisons w ith  models f  
based on the Cox-Stewart o p a c it ie s .  A Henyey code based on the p rescr ip tio n  
of Kippenhahn e t  a l (1967) i s  used for most o f  the c a lc u la t io n s  o f s t e l l a r  
stru ctu re  amd e v o lu tio n . In the equation o f  s ta te  we tr e a t  io n is a t io n  
equilibrium  and n o n - r e la t iv is t ic  degeneracy for separate tem perature-density  
regim es. The op acity  i s  obtained  by 4-dim ensional lin e a r  in te r p o la t io n  in  %
the Carson op acity  ta b le s . Nuclear energy generation  ra tes  are taken from 
Fowler e t  a l (1975) and neutrino lo s s e s  from the approximation due to 4
Beaudet e t  a l (1967). E lectron -screen in g  fa c to rs  are from Reeves (1965).
The standard lo c a l m ixing-length  theory o f Bohm-Vitense (1958) i s  used to 
tr e a t non-ad iabatic  con vection , although some models are ca lcu la ted  w ith  %
m od ifica tion s due to Deupree e t  a l (1979, 1980), We n e g le c t  sem iconvection , 4
The Carson o p a c it ie s  have only  a sm all e f f e c t  on the p o s it io n  o f ZAHB 
m odels, but th is  may be m e ta l l ic i ty  dependent. The drop in  the hydrogen- '4
s h e l l  lum inosity  due to the helium -core expansion during HB ev o lu tio n  i s  %
greater  than th at obtained  w ith  the Cox-Stewart o p a c it ie s .  A llowing for  the 
in c lu s io n  o f  sem iconvection and con vective  oversh ootin g , we fin d  th at  
adoption o f the Carson o p a c it ie s  leads to a reduction  o f  approxim ately 25% 
in  the HB l i f e t im e s .  For a given range o f  values fo r  the masses and 
envelope helium  abundances o f s ta rs  on a sy n th e tic  HB, the width in  e f fe c t iv e  
temperature i s  in creased , and in  lum inosity  the width i s  decreased. The 
dependence o f the core lum inosity  on the f a l l in g  core helium  abundance i s  |
in creased  by approximately 16%. 1
Studies o f  main-sequence s ta rs  lead  to agreement w ith  S to th e r s ’ '4
(1974a, 1974b, 1976) r e s u lt s  for homogeneous models constructed  w ith  the 
Carson o p a c it ie s .  The ev o lu tio n  o f main-sequence s ta rs  o f in term ediate 1
mass i s  u naffected  by the change in  the o p a c ity . Two evo lutionary  sequences,;?!
Abs"2
(fo r  1 M© s ta r s )  su ggest th a t the main-sequence l i f e t im e s  o f  low mass s ta r s  % 
may be reduced by as much as 30%. Combined w ith a s h i f t  in  the ZÂMS p o s it io n s  
th is  w i l l  move isochrones for  low mass s ta rs  towards lower e f f e c t iv e  
temperatures and d e n s it ie s .  I f  s tu d ie s  o f  red -g ian t ev o lu tio n  in d ic a te  
l i t t l e  change in  the lum inosity  le v e l  o f  the h or izo n ta l branch, g lobular  
c lu s te r  ages determined from the p o s it io n  o f  the main-sequence tu rn off 
p o in t may be su b s ta n t ia lly  reduced (p o ss ib ly  by as much as 50%). This 
could save a c o n f l ic t  between observed va lu es for  g lobu lar c lu s te r  ages and a 
value for  the Hubble constant o f 90.
S tudies o f  the ap sid a l motion con stan t, , fo r  evolved  MS s ta r s  shows if 
th at the discrepancy between observed values o f  k*. fo r  e c l ip s in g  binary  
systems and th e o r e t ic a l va lu es obtained  from homogeneous s t e l l a r  models 
may be reso lv ed  by con sid erin g  the ev o lu tio n  o f the binary components.
CO Lac i s  an exception  to th is  r e s u lt ,  but a n a ly s is  o f  the observations  
su ggests  that a redeterm ination  o f  the o r b ita l serai-anplitudes may reso lv e  
the c o n f l ic t .
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1 A BRIEF INTRODUCTION TO STELLAR EVOLUTION
T h eoretica l s tu d ies  o f s t e l l a r  evo lu tio n  are e s s e n t ia l  to the 
in te r p r e ta tio n  o f  observations o f  the sun and sta rs  and to provide clues to 
the nature o f s t e l l a r  in t e r io r s .  The only in t r in s ic  p rop erties  o f  sta rs  
a v a ila b le  to observation  a re , in  gen era l, th e ir  lu m in o s it ie s , surface  
temperatures and su rface com positions. I f  we p lo t  s t e l l a r  lu m in o sitie s  
aga in st th e ir  surface ( e f f e c t iv e )  temperatures we ob ta in  what i s  known as a 
H ertzsprung-R ussell (HR) diagram^. Figure 1,1 i s  one such diagram in  which 
the lo c a tio n s  o f  various groups o f  observed s ta rs  are shown. Most s ta r ? , 
in clud ing  the Sun, l i e  on the m ain-sequence. They may be roughly d ivided  
in to  two main groups. Population  I s ta rs  represent young and m eta l-r ich  
s ta rs  ty p ica l o f  s ta r s  in  the d isk  o f  the Galaxy, Population II  s ta rs  
represent o ld  and m etal-poor s ta rs  ty p ica l o f  s ta r s  in  the oute^ reg io n s, or 
h a lo , o f the Galaxy, Many s ta r s  are found in  c lu s te r s .  I t  i s  gen era lly  
b e liev ed  th at the s ta rs  w ith in  any given c lu s te r  were formed a t roughly the 
same time and from the same m a ter ia l, d if fe r in g  only  in  th e ir  i n i t i a l  .masses 
Consequently s ta r  c lu s te r s  provide a very powerful to o l for s tu d ie s  o f s te l  1 
ev o lu tio n . HR diagrams for  some ty p ic a l g a la c t ic  (p op ,I) and globular  
(p o p .II) c lu s te r s  are shown in  f ig u res  1 ,2  and 1 .3 ,
In th is  th e s is  we are concerned only w ith  pop ,I s ta r s  on the main- 
sequence and p op .II  s ta r s .  The main fea tu res o f  HR diagrams for  g lob u la i 
c lu s te r s  are la b e lle d  in  f i g . 1*3, In th is  in tro d u ctio n  we describe  
b r ie f ly  the h is to r ic a l  development o f the theory o f  s t e l l a r  e v o lu tio n , and 
o u tlin e  the major phases o f  s t e l l a r  ev o lu tio n .
 ^ In fa c t  ob servation s do not lead  d ir e c t ly  to th is  form o f the HR d iag ,a  
which i s  g en era lly  known as the th e o r e t ic a l HR diagram. O bservations o f  
v isu a l magnitude are u su a lly  p lo tte d  aga in st co lour or sp ec tra l type. These ; 
have to be converted to bolom etric magnitudes and e f f e c t iv e  temperatures y
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Figure 1 ,1  Schematic HR diagram o f  s ta r s ,  showing the lo c a tio n s  o f various !
. ■ 5sequences» The sp ec tra l types are for  the main-sequence s ta r s .  1 
the v isu a l magnitude, i s  r e la te d  to the lum inosity  by 
« 4 .6 3  -  2 .5  lo g  L/Lq ” B.C. , 
where B .C ., the b olom etric co rrec tio n , and B-V, the co lo u r , are 
em p ir ica lly  (and to some ex ten t th e o r e t ic a lly )  known fu n ction s ùM  
the e f f e c t iv e  tem perature. This f ig u re  i s  from 
Hayashi e t  a l (1962).
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Figure 1 .2  HR diagrams o f g a la c t ic  c lu s te r s ,  from
Sandage, A .R ., 1957. Astrophys. J . ,  125, 435.
Sandage, A .R ,, 1962. Astrophys. J . ,  135, 333.
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Early s tu d ies  o f  s t e l l a r  in te r io r s  attempted to construct gaseous 
spheres in  h y d ro sta tic  eq u ilib riu m  by assuming a p a r tic u la r  form fo r  the 
equation o f  s ta te  (Emden, 1907). At th is  stage  the energy source that 
makes s ta r s  sh ine was unknown. M echanical, chemical and r a d io -a c tiv e  sources 
f a i l  to provide enough energy to keep the sun sh in in g  w ith  i t s  presen t ,!
stren gth  fo r  a t le a s t  4 ,000 m illio n  years. In 1920 J . Perrin  and A.S. 
Eddington (Eddington, 1926) suggested  that the nuclear energy re lea sed  by the f  
combination o f  four hydrogen n u c le i to form one helium  nucleus could provide i; 
the energy required. As the neutron was not d iscovered  u n til  1932, Perrin  i  
and Eddington did not know whether the process was p o s s ib le ,  but suggested  
that s t e l l a r  in te r io r s  were the most l ik e ly  lo c a tio n s  for  the form ation o f
Ihelium . Without knowing the ra te  o f sub-atom ic energy r e le a s e , Eddington If'I(1926) was able to s e t  down the b a sic  theory o f  s t e l l a r  stru ctu re  by -j
combining c la s s ic a l  thermodynamics, the theory o f ra d ia tiv e  equilibrium  
and the Bohr theory o f  atomic s tr u c tu r e . In order to obtain  the s t e l l a r  
o p a c ity , Eddington adopted Kramers* (1923) op acity  based on c la s s ic a l  
electrom agn etic  theory. His achievement was to e s ta b lis h  a th e o r e t ic a l  
b a s is  for  the observed re la tio n sh ip  between the masses and lu m in o s it ie s  o f  
main-sequence stars*
Progress to 1939 i s  summarised by Chandrasekhar (1939). He adopts 
appropriate approximations to most o f  the p h y sica l p rocesses occurring in  
s ta r s ,  which by th is  time had been guessed a t , but not p r e c ise ly  determined..
Many ex ten sion s o f  previous work are e s ta b lish e d  p r in c ip a lly  as so lu t io n s  to 
a number o f  s im p lif ie d  mathematical statem ents o f  the problem o f  s t e l l a r  
s tru ctu re . One o f  these was a d e ta ile d  theory o f w hite dwarfs. At the 
same time progress in  atomic and nuclear physics enabled Stromgren (1932) 
and Morse (1940) to ob tain  o p a c it ie s  from quantum-mechanical methods and Beth 
(1939) to e s ta b lis h  the nuclear o r ig in  o f  s t e l l a r  energy.
In response to the in cr ea sin g ly  complex ensemble o f  p h y sica l p rocesses  
found to be occurring in  s t e l l a r  in te r io r s  i t  became c lea r  that approximate j'ia n a ly tic  so lu tio n s  to the s t e l l a r  stru ctu re  equations are no longer r e a l i s t i c ,  j
5»
.'i
The advent o f  e le c tr o n ic  computers in  the early  1950s enabled SchwarzschiId  
(1958) and others to c a lc u la te  more so p h is t ic a te d  models o f  s t e l l a r  in t e r io r s r |  
Largely through th is  work and th at o f  Baade (1944), the r e la tio n sh ip  between W 
the Hertzsprung-^Russell diagram and s t e l l a r  ev o lu tio n  was f i r s t  e s ta b lish e d . x 
Schwarzschild*s method for  so lv in g  the d if f e r e n t ia l  equations o f  s t e l l a r  
stru ctu re  was to perform a large number o f  numerical in teg ra tio n s  
sim ultaneously  from the su rface and the centre o f the s ta r ,  improving h is
estim ates o f  the boundary values u n t i l  the two s e ts  o f  in teg ra tio n s  were f
;
c o n s is te n t . Henyey e t a l .  (1959) developed a method whereby the d iffe r e n tia l, y 
equations are rep laced  by d iffe r e n c e  equations. The so lu tio n  o f a large  
number o f sim ultaneous lin e a r  equations i s  required to ob ta in  co rrec tio n s  to :• 
an approximate s t e l l a r  model. Both o f these methods have been used in  th is  
study. The p a r tic u la r  forms in  which they are trea ted  are described  in  
chapter 2 o f  th is  t h e s is ,  where a mathematical statem ent o f  the problem o f
s t e l l a r  stru ctu re  may a lso  be found, |
i
Follow ing SchwarzschiId*s (1958) study, work by Hayashi, Hoshi and 
Sugimoto (1962) e s ta b lish e d  the major phases o f  s t e l l a r  ev o lu tio n  and 
n u c le o -sy n th e s is . In a s e r ie s  o f  papers summarised by Iben (1967) the If
ev o lu tio n  o f  sev era l s ta rs  i s  described  in  some d eta il*
I t  had already been r e a l is e d  that sta rs  on the main-sequence were 
burning hydrogen in  th e ir  cores to form helium . In low-mass s ta r s  the 
dominant rea c tio n  network Is  the p -  p chain which takes p lace  in  a radiati^Jk 
core, # In h igher mass s ta r s ,  h igher cen tra l temperatures enable the CN(0) 
cy c le  to take p la c e . The h igh  temperature s e n s i t iv i t y  o f th is  rea c tio n  
causes the core to be con v ectiv e . As hydrogen i s  converted in to  helium  the. 
mean atomic w eigh t, and hence the d e n s ity , r i s e s  in  the core. At the same 
time the lum inosity  r is e s  and the s ta r  expands. When the hydrogen 
abundance in  the core has dropped to about 5% o f  the to ta l  chemical 
com position , the in crea sin g  d en sity  cannot compensate the nuclear rea c tio ..
rate for  the lo ss  o f  a v a ila b le  nuclear fu e l .  As the nuclear energy
production drops the core begins to co n tra ct, r e le a s in g  g r a v ita t io n a l en ergy , I
which r e s u lts  in  the s ta r  m aintaining i t s  o v e r a ll s iz e  and lu m in osity . -S
When the hydrogen in  the core has a l l  been converted in to  helium , the core I
continues to con tract. The hydrogen-rich m ateria l o u ts id e  the core fo llow s  
th is  con traction , in crea sin g  in  tenç>erature and d en sity  u n t il  nuclear  
reaction s s ta r t  to burn the hydrogen in  a s h e l l  j u s t  o u ts id e  the h elium -rich  
core. At th is  p o in t the s ta r  leaves the m ain-sequence. I t  i s  ev id en t that 
s t e l l a r  ev o lu tio n  depends c r i t i c a l ly  on the i n i t i a l  mass o f the s ta r .
The time spent by a s ta r  on the main-sequence v a r ies  in v e r se ly  w ith  the  
i n i t i a l  mass. Subsequent ev o lu tio n  only broadly fo llow s the o u t lin e  des crib  
below.
As hydrogen burns in  a th in  s h e l l  ou tsid e  a con tractin g  h eliu m -core , S
the s ta r  moves on to and up the red -g ian t branch. In the helium -core
dtemperatures and d e n s it ie s  continue to r i s e .  At th ese  d e n s it ie s  e lec tro n s
l|become degenerate and h ig h ly  conductive. The core th erefore becomes nearly  j1}
isoth erm al. When the core has reached a temperature high enough for helium  I
rea ctio n s (v ia  the 3-tx p rocess) to occur, the helium  core i s  " ign ited"
(the "helium f la sh " ) . In high mass s ta rs  the helium  rea ctio n s begin  b efore  
the core becomes degenerate. These s ta r s  may correspond to the su perg ian t& 
o f  f i g . 1 .1 .
A fter  the core-helium  f la s h , the core d en sity  f a l l s  and the e lec tro n  
degeneracy i s  l i f t e d .  In p o p .II  s t a r s ,  the helium  core burning phase i s  
a sso c ia ted  w ith  the h orizon ta l branch in  the HR diagram for g lobular o lu steru , i
This phase i s  described  in  greater  d e ta il  in  chapter 4. ^
A fter the exhaustion  o f helium  in  the core , the s ta r  returns to the ^
g ian t branch where i t  con tains a degenerate carbon/oxygen core , a helium - '
burning s h e l l  and a hydrogen-burning s h e l l .  I f  the s ta r  i s  m assive enough 
the cen tra l tenqjerature may become s u f f ic ie n t ly  h igh fo r  carbon and more A
m assive elem ents to "burn". I f  the mass i s  le s s  than the Chandrasekhar
1
mass lim it  ( '^1.4 so la r  m asses), the exhaustion o f a v a ila b le  n uclear fu e l  
w i l l  be fo llow ed  by g r a v ita t io n a l co lla p se  u n t il  the s ta r  becomes a w hite  
dwarf. The advanced evo lu tion ary  sta g es  o f  more m assive s ta rs  are not w e ll  
understood, but appear to depend on whether the s ta r  i s  a member o f a binary  
system  or not. They are suggested  to be the progen itors o f  neutron sta rs  
and black h o les and the p a r tic ip a n ts  in  supernovae exp losion s and cataclysm ic  
var ia b le  system s. As such, these o b jects  do not occupy w e ll determined 
regions in  the HR diagram.
Hence th e o r e t ic a l s tu d ies  o f  s t e l l a r  ev o lu tio n  have s u c c e s s fu lly  
a sso c ia ted  models for  s t e l l a r  in te r io r s  w ith  many o f the observed p o s it io n s  
o f  sta rs  in  the HR diagram. Some exceptions ( e .g .  the WoIf-Raye t  s ta r s ,  
the Helium s t a r s ,  the Blue S tr a g g le r s , e t c . ) and many q u a n tita tiv e  problems 
( e .g .  mass lo s s  in  red -g ia n t s ta r s ,  the so la r  neutrino f lu x  e t c . )  remain.
The d e ta ile d  e v o lu tio n  o f s ta r s  i s  not on ly  s e n s i t iv e  to the i n i t i a l  
mass and chemical com position. The p r e c ise  nature o f  the p h y sica l processes  
w ith in  the s ta r  ( e .g .  the nuclear rea c tio n  r a te s ,  the con vective mixing 
p ro cesses) and the in te r a c t io n  o f  the s ta r  w ith i t s  environment ( e .g .  binary  
system s) both have important consequences. I t  i s  the aim o f  s t e l l a r  
ev o lu tio n  s tu d ie s  to id e n t ify  th ese  p rocesses and, u ltim a te ly  perhaps^ 
to be ab le to determine the h is to r y  o f  a l l  observed s ta r s .  I t  i s  not 
p o ss ib le  in  th is  in tro d u ctio n  to review  the work carr ied  out by many authors 
over the p ast f i f t e e n  years.
In th is  th e s is  we examine a number o f  asp ects  o f s t e l l a r  ev o lu tio n .
In p a r tic u la r  we in v e s t ig a te  the e f f e c t  o f  using o p a c it ie s  c a lcu la ted  by
Carson rather than those ca lc u la te d  by Cox, Stewart and others which have
been adopted in  most o th er s tu d ie s . The methods used in  con stru ctin g  J
Is t e l l a r  models and evo lu tionary  sequences are described  in  chapter 2. ,j
The physics used i s  described  in  chapter 3, where a more ex ten siv e  |
d iscu ssio n  o f  the op acity  may be found in  ad d ition  to  the treatm ents for 1
r-pr-
I
Ithe equation o f  s t a t e ,  the nuclear energy generation  p rocesses and convection *
■iThe stru ctu re  and ev o lu tio n  o f  h orizon ta l branch s ta r s  w ith  the Carson 
o p a c it ie s  i s  examined in  chapter 4 , w hile some asp ects o f main-sequence star- |  
are stu d ied  in  chapter 5. Some su ggestion s a r is in g  from these a su lts  a ie  
made in  chapter 6.
The nature o f  our in v e s t ig a t io n  i s  la r g e ly  exp loratory . Instead  o f  
s e t t in g  out to so lv e  a p a r tic u la r  problem, we s ta r t  by asking "What happens 
to our p ictu re  o f s t e l l a r  ev o lu tio n  i f  the Carson o p a c it ie s  are adopted?”
The subsequent q uestion  "Does th is  new p ictu re  f i t  the observations b etter?"  h 
i s  more d i f f i c u l t  to answer, as we attem pt to make c le a r .
‘•■-•s.-- 'A. 1 /Â  ^ “ ',
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2 METHODS FOR CONSTRUCTING STELLAR MODELS AND EVOLUTIONARY SEQUENCES
2.1  THE EQUATIONS OF STELLAR STRUCTURE AND EVOLUTION
The c la s s ic a l  problem o f  s t e l l a r  stru ctu re  i s  by now w e ll known 
( e .g .  Schwarzschild, 1958), The assunption o f  sp h er ica l symmetry reduces 
the problem to one dimension. We choose the Lagrangian v a r ia b le  
the mass w ith in  a sphere o f  radius r around the cen tre , as our independent 
v a r ia b le . A ll unknown fu n ction s d escrib ing  the stru ctu re  o f the s ta r  may 
be considered dependent only upon M,. and t ,  the tim e. The problem o f  s t e l la i  
evo lu tio n  i s  the determ ination o f  these fu n ctio n s .
We w rite  P for  the to ta l  p ressu re , T for  the tem perature, Ly. for
the energy leav in g  a sphere o f  radius per second and Xi fo r  the r e la t iv e
abundance by mass o f  the chemical elem ent i .
From the d e f in it io n  o f the cond itions o f h y d ro sta tic  equ ilibrium  
and energy ba lance, and from the transport equation , we have
^  =  I . (2 -1 )
3 Mr 4-Tr''’-ç
i k :  ^  E  _  T  ^
SM r  ^ (2 -2 )
èP   ^ — <k- Mr
î)Mr '  A - ir r *  (2 -3 )
3T  _  Gr M, • V  (2 ,4 )
Here the d en s ity , ^ , the nuclear energy gen eration , 6 * the entropy, S , 
and the temperature grad ient V  are considered to be fu n ction s o f  P, T and 
the chemical con p osition . I f  the to ta l  nuclear energy generation  ra te
IS w ritten  as
e  '  H e ,k
where for  any element i  rea c tio n s  Ic^  destroy i  and V' produce i ,  then
where Q represents the energy gain per gram o f elem ent i  processed .
 ■  '
I f  we have a con vective  region w ith  instantaneous m ixing which 
p o ssesses  nuclear energy sources and/or a boundary moving a t  rate  
^ in to  a region o f  mean com position X i*, then the change in
com position Xi w ith in  the con vective region i s  given by
Æ  =  L a , l k k . i . ' ’  + c X ' ' ' X . y ^ - _
J M ,
where the in te g r a ls  are taken over the whole con vective  region .
Providing the fu n ction s H, S and V  are continuous and d if fe r e n t ia b le  
th e ir  sp e c ia l forms have no in flu en ce  on the method described  in  th is  chapter. 
The forms used are d iscu ssed  in  chapter 3.
To conplete the mathematical statem ent o f  the problem o f  s t e l l a r  structure^
boundary con d ition s for equations (2 -1 ) to (2 -4 ) are given  by
r  =• O J Ly, -  O  J cih Mv- = O   ^ (2-7)
Pj = O , -r  = T- ( L ,  R ,   ^ ..t My = M ^  J (2-8)
where ^  i s  the gas p ressu re , f  i s  o p t ic a l depth and / \ ,  L, R are the s t e l la r  | 
mass, lum inosity  and radius r e s p e c t iv e ly .
In general a n a ly t ic  so lu t io n s  to (2-1) to (2-4) are not a v a ila b le  and 
s in ce  boundary con d ition s appear a t  both ends o f  the domain o f  some form 
o f  numerical i t e r a t io n  i s  requ ired .
A number o f  methods have been proposed, H aselgrove and Hoyle (1956)
and Schwarzschild (1958) developed a procedure for  f i t t i n g  inward and outward
in teg ra tio n s  at a f i t t i n g  p o in t . This method had the advantages o f  not
req u ir in g  an e x is t in g  so lu t io n  and could be used w ith a h igh-order numerical 
in te g r a tio n  algorithm» I t  has been used in  th is  study to con stru ct some 
i n i t i a l  models* Henyey, W ile ts , B'dhm,Lehevier and Levee (1959) developed
a procedure where the f i r s t  order d if f e r e n t ia l  equations are rep laced  by a
system  o f d iffere n c e  eq u ation s. This method has been w idely  adopted, 
although e x te n s iv e ly  m odified  ( e .g .  Henyey, Forbes and Gould, 1964),
I t s  major advantage over the in te g r a tio n  procedure i s  th a t i t  i s
connuta t io n a lly  fa s te r . I t  has been adopted for most o f  the current study,
where our method c lo s e ly  fo llow s the d escr ip tio n  g iven  by Kippenhahn,
W eigert and H ofm eister (1967) and w i l l  be described  la te r  in  th is  chapter.
A number o f  other methods have been proposed, o f which we note the 
fo llo w in g . One disadvantage o f  the Lagrangian grid  i s  that regions where 
q u a n tit ie s  (e .g . Pressure) vary rap id ly  w ith  mass ( e .g .  the surface la y e r s)  
have to be trea ted  sep a ra te ly . Eggleton (1971) adopts a non-Lagrangian
mesh which enables the e n tir e  s ta r  to be trea ted  in  a c o n s is te n t  manner, -g
although in crea sin g  the number o f d ifferen ce  eq u ation s. Reiz and Petersen^  
and W ilson (1981) independently developed a g e n e r a lisa t io n  o f  the Henyey and 
in te g r a tio n  methods by adopting a number o f f i t t i n g  p o in ts  ( ty p ic a l ly  |î
2) < y\  ^ 12 ) .  T ria l va lues serve both as s ta r t in g  values for  in teg ra tio n s
’’pito the next f i t t in g  p o in t , and in  forming d iffere n c es  w ith  in teg ra tio n s  from k  
the preceding p o in t , in  order to i t e r a t e  to render d is c o n t in u it ie s  equal 
to zero .
1 Unpublished, but see  H ejlesen  (1980), Wilson (1981) for  d e ta i l s .
2 .2  THE CALCULATION OF INITIAL MODELS
Beginning w ith  the boundary con d ition s (2-7) and (2 -8 ) ,  we choose 
s u ita b le  estim ates for
L y  = k  , T  o i  My -  M l*  ,
P  = P,  ^ T  . o.t My = O ^
where i s  the to ta l  s t e l l a r  lu m in osity , the e f f e c t iv e  tem perature,
and where su b scrip t c denotes cen tra l v a lu es . Mass in  the s t e l l a r  
atmosphere, i . e .  in  regions o u ts id e  the layer in  which T = ,
i s  assumed to be n e g lig ib le  in  ca lc u la tio n s  for s t e l l a r  in te r io r s .
We now have four boundary values a t each end o f  the domain \ ^ My ^ O j
Equations (2 -1) to (2 -4 ) may be in teg ra ted  from each boundary to some 
f i t t i n g  p o in t M f, to obta in  f i t t i n g  v a lu es , ( j , P-L 5
 ^ where su b scr ip ts  and r e fe r  to values a t the 
f i t t i n g  p o in t from the in te r io r  and e x te r io r , or outward and inward, 
in teg ra tio n s  r e s p e c t iv e ly . I f  the cond itions
. L 4  = , R j  : Pe  ^ > H r  <2-5)
Îare s a t i s f i e d ,  we have obtained  a s o lu t io n . |
In p r a c t ic e , the e x te r io r  in te g r a tio n  i s  s ta r te d  from some p o in t
, where the s ta r t in g  va lu es v^, , Pg and Tg are obtained as I
fu n ction s o f and from a separate in te g r a tio n  o f  the surface la y e r s ,
using Pressure as the independent v a r ia b le . The treatm ent o f the surface  
in te g r a tio n  w i l l  be d iscu ssed  fu rth er in  a la te r  s e c t io n .
S im ilar ly  the in te r io r  in te g r a tio n  i s  not begun a t = 0 .
The inner boundary con d ition  (2-^7) may be rew ritten  to provide s ta r t in g  
va lu es G » , R , a t some p o in t  ^ |  0 <  1 |
as fu n ction s o f  and . Applying a Madaurins s e r ie s  expansion to
equations (2^1) (2*^4) and n e g le c tin g  h igher orders o f  My, we ob tain
r. -  ( 3 A T r f  ) J ’  m J''*
1 ,=  M ,
V] ^ 4 / 3  2-/3
T: = IT : -  %
s in ce  a l l  v a r ia b les  range over sev era l orders o f  magnitude in  the S te lla  
in t e r io r ,  i t  i s  convenient to make a su ita b le  transform ation . For a l l  the 
in te r io r  in te g r a tio n s  ( i . e .  excluding the in te g r a tio n  o f the surface la y ers  -à 
mentioned above) we have adopted those suggested  by Kippenhahn e t  a l (1967), 
Thus the independent v a r ia b le  becomes ^
1 = ( 1 -  / (  1 + ^  )  M». ) (2-1/.' i
which provides h igh  r e so lu t io n  in  My near the su rface fo r  equal increm ents 
in   ^ . For the unknown q u a n t it ie s ,  logarithm ic v a r ia b le s  are used.
X
............ . , . ' . - ' . ' j       ' X  . .. ^ 3; . . . "  . . ' I  . . .  . . . _____. ^ I ' - f  1 '^  t .  ^ Si- ' A .J, ÎÎ 3 Î
where the p o s it iv e  constant l !  a llow s for  a n egative  L so long as L,, > -'L '
(2-16)
The estim ated  boundary con d ition s are now w ritten
A = Ion ( L # /  Lü )  , ~  = lo<^  Tc.j| ^
f t  = ' • 0 3  , t t  = L0 3  c  1
and th e ir  second forms become
îc^C A ,-!:), Lj ( A , i: ) ,  p,. t ,  ( A y f )  o-t (2 -17) I
l„ ( p c . ,h ) ,  p o C f . t t ) ,  ah (2 -18)
Equations (2 -1 ) to (2 -4 ) ,  ap p rop riately  transform ed, are in teg ra ted  from 
each o f  these s e ts  o f  boundary values using a fourth -order Runge-Kutta 
algorithm  w ith  s e lf -a d ju s t in g  s t e p - s i z e .  At a p o in t ^ )
each in te g r a tio n  y ie ld s  values for and
pij-» • We have obtained  a so lu tio n  fo r  the stru ctu re
o f  the s t e l l a r  in te r io r  when con d ition  (2 -9 ) ,  which may be rew ritten  as
- X . j .  - O  , =
‘t ,  f jL  = P e | l  -  p , f  -• O j  î . b |  = '  O j
i s  s a t i s f ie d .  In order to s a t i s f y  th is  con d ition , a Newton-Raphson *
it e r a t io n  scheme s im ila r  to those described  by Faulkner (1966) and i
Ezer and Cameron (1962) i s  used.
I f  i n i t i a l  estim ates fo r  the boundary con d ition s A -X , pc ctnoi 
are good enough, and are denoted by A » j i); ; i « (, 4 }  , and i f  the à
f i t t i n g  values are denoted by |  1  ^ j ' such that ^
A ‘ V j
then by performing two a d d itio n a l p a irs  o f in teg ra tio n s  w ith  boundary 
con d ition s B  -  ^ L, -v  ^ ^ 1  ^   ^ B/»  ^  ^ b /  ^ h, < ^
we ob tain  correction s A  b  ^; i - L 4  from the system I
.r - — " A.).',,- "  - ■— i ^ - --a - - - / r ' -  ' / ( J
^ b,
_  A y ii .  ]
^  2 -
_
"'-"3 -  ¥ .
ovci 
'à L,










Then s e t t in g
b  ^ - 6- k'l A  b :
( 2- 22 )
) L = (2 -21)
the procedure may be repeated u n t il  we obtain
A v p  -7 v y  j j  ' I, 4  ; 7  1
where ^ represents the required convergence l im it .
To ob ta in  convergence, i t  i s  necessary th at the i n i t i a l  estim ates  
A, T, c lo se  enough to those s a t is fy in g  (2 -1 9 ) . In order to
ob ta in  these estim ates we use a procedure based on one described  by Ezer 
and Cameron (1962) which uses the homology in v a r ia n ts
u  = w  ) V à I n -p
11
(2 -23)
b  U"l Y" è  Ly \ Y“ ^  Iv i  T ~
T ria l inward in te g r a tio n s  from p o in ts  on a sparse g r id  in  (^ ,T  ) are carr ied
ou t. I f  the t r ia l  in te g r a tio n  becomes u n stab le , the in te g r a tio n  i s  h a lted
I n s ta b i l i t y  i s  sa id  to have occurred i f  LI orY / very much exceed 3, i f  Ü
d ecreases, i f  V in crea ses  or i f  V becomes sm aller than 0 . The values
(A ,T )  for which the t r ia l  in te g r a tio n  reaches deepest in to  the s ta r , in
terms o f /V|^ , are then used as s ta r t in g  values for  a Newton-Raphson ite r a t io n
to ob ta in  co rrectio n s from the scheme
AVc
A A
M l  ' /  \
I f i
AVc I/ A t
; 3 - - u .





in  order to s a t i s f y  the cond itions
1 3  - U e  1 7   ^ I V , I <  / /  (2-25)
where y  again represents the required convergence l im it .
These in teg ra tio n s  now provide  ^ A pi H  ^ i z /b  ] *
2 .3  TREATMENT OF THE SURFACE LAYERS
In the outermost regions o f a s ta r ,  we fin d  that w h ile  M  ^
the p ressu re , P, may vary over sev era l orders o f  magnitude. I t  i s  
th erefore no longer appropriate to use an independent Lagrangian v a r ia b le  
to so lv e  the stru ctu re  equations in  these reg ion s. Some authors 
(e .g .  E ggleton, 1971) th erefore p re fer  to use a non-Lagrangian variab le  
( e .g .  4  ~ (P, by, M^ ) as independent variab le  for  the e n tir e  s ta r . The
approach adopted here i s  to tr e a t  the region  o f  the s ta r  above i p o in t '
se p a r a te ly , using pressure as the independent v a r ia b le . S ince su ii^ ce  
la y er  in teg ra tio n s  are time consuming, (they pass through the hydrogen and 
helium  io n isa t io n  zones and convection  i s  n on -ad iabatic) a scheme to keep 
the number o f such in te g r a tio n s  to a minimum i s  required . That adopted 
i s  described in  f u l l  by Kippenhahn, W eigert and H ofm eister (1967). The 
o b jec t  i s  to ob ta in  boundary cond itions in  the form o f (2 -1 7 ).
In the s t e l l a r  atmosphere we have to a good approximation
Mv- -  Mjy  ^ L ^ - L. ^  ^ (2-26)
where K i s  the s t e l l a r  rad iu s. Given the s t e l l a r  lu m in osity , L^, and 
e f f e c t iv e  tem perature, T^ lt , the radius R i s  obtained for  the layer  o f  the
s ta r  a t which T = T, •if as derived  from the Stefan-Boltzm ann rad ia tio n  law,
The black body f lu x
= o - T ^  (2-27)
i s  in tegra ted  over the sphere to obtain
L v  = A tT R ’- ctT ; !  (2-28)
where CT i s  the rad ia tion  constant. j
Above th is  layer  equation (2 -4 ) no longer h o ld s , but may be replaced  
by a su ita b le  fu n ction  ^
T  - T  ( , 17 |t , t  )  (2- 29)
obtained  from the study o f s t e l l a r  atmospheres (M ihalas, 1978), where, in  m
reference to s t e l l a r  atm ospheres, X i s  the o p t ic a l depth defined  by the |
r e la t io n
= , ' t ' ( ç = o ) ^ 0 . (2-30)
For a grey atmosphere in  lo c a l thermodynamic equ ilibrium  (LTE) and r a d ia tiv e  ;
eq u ilib riu m , th is  has the form
=  %  T ejf (  r +  f  ( T ) )  (2-31)
where in  the Eddington approximation the Hopf function  ,
The in flu en ce  o f  other approximations for T (L j î ë | | } on s t e l l a r  stru ctu re  
c a lcu la tio n s  i s  examined by Henyey, Vardya and Bodenheimer (1965). More
recent approximations have been derived , e .g .  by Krishna-Swamy (1966) and by 
Gingerich e t  a l . (1971), from ob serva tion s. Demarque, King and Diaz (1982) 
have constructed  an a n a ly t ic  f i t  to the nongrey model atmospheres for  red 
g ia n ts  due to B e ll e t  a l , (1976). S ince a l l  approximations have lim ited  
v a l id i t y ,  we currently  use the Eddington approximation in  a l l  models.
Combining the d e f in it io n  o f  o p t ic a l  depth (2-20) w ith  the equation o f  
h y d ro sta tic  equ ilibrium  provides the second atmospheric equation
K
where the surface grav ity  g i s  given by
= O (2-32)




A s ta r t in g  value for  in teg ra tin g  (2-32) i s  obtained by so lv in g
p =  T O , /  k ( P - T )  -I R ( t )  (2-34) ft
for  P a t , where M i s  the value o f Y for  which X ( v )  - T X  7
and n i s  the number o f  step s used in  in teg ra tin g  (2 -3 2 ) , (2-34) i s  so lved  ;<
.'Îusing a Newton-Raphson it e r a t io n .  I f  an error con d ition  a r ise s  during the Â
i t e r a t io n ,  i . e .  i f  P< ("t) or convergence f a i l s ,  (2-34) i s  rep laced  by ^
Iben 's (1971a) con d ition
"P )  '  4  R- ) (2-34a) i
With the s ta r t in g  value B(T^) , (2-32) i s  in teg ra ted  using a fourth  order 
Runge-Kutta algorithm  from Y = T , . The number o f step s n
i s  u sually  25. Varying n from 10 to 50 has l i t t l e  e f f e c t  on P (X , ^ .
Given 1%  ^ and L^ , we have obtained  values for R and P a t My - M * ,
g iv in g  s ta r t in g  con d ition s for the in teg ra tio n  o f  equations (2 - 1 ) to ( 2 - 4 ) .
The stru ctu re  o f  the outerm ost layers beneath the atmosphere i s  obtaineeM  
by in te g r a tin g  equations ( 2 - 1 ) ,  (2 -3 ) and (2-4) from to AAy * M ,
The assumption that Ly = L  ^ in  these layers holds to a high degree, s in ce  
nuclear p rocesses make a n e g lig ib le  con trib u tion  for P < lO  K .
Logarithmic v a r ia b les  are used throughout w ith a fourth-order Runge-KuttJ. ; 
in te g r a tio n  w ith s e lf -a d ju s t in g  step -w id th , and w ith  log  P as the independen ; f: 
v a r ia b le . The transformed d if f e r e n t ia l  equations used in  the in teg ra tio n  |  
be come
~hloc\ Mr 4 i r  Py-''* (2-35)
à  ?  Gr -  A  A
l iH S A L . -   P'-
àU c^ P  e -M y O (z-3 ()
à Loo P V  (2-37)
The in te g r a tio n  i s  h a lted  when • Values for  Og
and t -  (see  con d ition  : 2-17) are then in terp o la ted  in  tA^ a t  M v -  A4
fA- i s  determined in  such a way that providing
/ M x ) -  (2-38) ^
then the temperature a t Mj i s  required to f u l f i l  the con d ition
4. S" ( b s  = ^  (2-3'))
This cond ition  i s  designed to p lace  the time-consuming treatment o f  the H
and He io n isa t io n  zones w ith in  the surface in teg ra tio n  scheme (c f .  Sweigart
and Gross, 1974). In the current programme, changes to A\$ during i;
evolu tionary sequences are r e s tr ic te d  in  the in te r e s t  o f  computational speed- 
In ad d itio n , most sequences stu d ied  w ith  the current programme are r e s t r ic t e  ft 
to one phase o f  ev o lu tio n , where changes in  are slow .
In order to reduce the number o f  times the su rface layers are in te g r a tec,a
a scheme is  used which avoids repeating  the in teg ra tio n  procedure each time
surface con d ition s for  new values o f and T  = are req u ired #
L inearised  r e la t io n s  between pa and ¥  obtained using fthe *
scheme described in  d e ta il  by Kippenhahn, W eigert and Hofm eister (1967) p
( ^ IV.A). The fo llow in g  i s  a summary o f i t s  main fe a tu res .
Assuming that the ( A ,T )(p lan e  i s  covered by a n et o f  congruent r ig h t '
t r ia n g le s ,  outer layer  in te g r a tio n s  are carried  out for  the three corners î
( A ^  -  1)3 ) o f  the tr ia n g le  in  which the ( ) p o in t for a given
model l i e s .  From these in te g r a tio n s  we can obtain  lin e a r is e d  con d ition s  
of the form
(2-40)
and >  -  £• C p s ^ h  )  » E„ £ | Ps :
where the c o e f f ic ie n t s  , e t c . ,  are obtained  as so lu tio n s  to «







While the ( A,Y ) p o in t for  a given  model remains w ith in  th is  tr ia n g le ,  
the surface con d ition s do not need to be recomputed. When the evo lu tionary  
track in  the ( Am  ) plane moves to another tr ia n g le  new con d ition s must be 
derived , but i f  the new tr ia n g le  has one or two corners in  common w ith  the 
o ld  tr ia n g le , these do not need to be re in teg ra ted .
In the current study we have used tr ia n g le s  w ith  s id e s  A.A 0 ' \  
and A Y  Ï 0 .0 2  , as in  Kippenhahn e t  a l  (1967). No su b sta n tia l d iffere n c e  
in  the zero-age models was found using a reduced g r id -s iz e  w ith  A A “ C> 0 S 
A x  = O'OI ( e .g .  Sweigart and Gross, 1974), although w hile  con stru ctin g  
zero-age h o r izo n ta l branch m odels, the sm aller g r id - s iz e  gave r i s e  to  a 
so lu tio n  which o s c i l la t e d  between adjacent tr ia n g le s  in  the (A jY ) p lane.
This was immediately reso lved  on using the larger g r id - s iz e .  The consequent 
reduction  in  the number o f  su rface in teg ra tio n s  required during an evo lu tion#  
sequence j u s t i f i e d  using the larger  g r id -s iz e  during the current study.
The lin e a r is e d  cond itions (2-40) are used in  the code for  c a lc u la t in g  
i n i t i a l  im dels (s e c t io n  2 .2 ) .  The conditions (2-41) determine the surface  
con d ition s from a relaxed  in te r io r  s o lu t io n , and provide the outer boundary 
cond itions for the in te r io r  so lu t io n  as required by the Henyey code to be 
described  in  the next s e c t io n .
2 .4  THE HENYEY CODE 
INTRODUCTION
The Henyey code for  c a lc u la t in g  s t e l l a r  stru ctu re  operates on the 
fo llow in g  p r in c ip le . Given an i n i t i a l  estim ate fo r  the numerical so lu tio n  
o f  a d if f e r e n t ia l  equation , the d if f e r e n t ia l  equation may be replaced  by a 
d ifferen ce  equation , and a f i r s t  order so lu tio n  obtained  by s e t t in g  up and 
so lv in g  a system  o f  lin e a r  equations. We have fo llow ed  the p rescr ip tio n  
given by Kippenhahn, W eigert and Hofm eister (1967). Given an i n i t i a l  
estim ate for the s t e l l a r  model c o n s is t in g  o f values for
' > )  : j  = i,w i (2 -43)
where ^nd are defined  by some
transform ation (e .g .  2-14 and 2-15) o f the form
^  X x ( r  p % ^ ( P \  i: -  i  (A )  (2 -44)
a system  o f lin e a r  equations i s  formed and so lved  for  the correction s
M
When ap p lied , a new estim ate fo r  the s t e l l a r  model i s  obtained , and the 
process i s  repeated u n t il  the correction s become sm all enough to s a t is f y  
some convergence c r ite r io n . This so lv es  the s t e l l a r  stru ctu re  equations.
A separate procedure tr e a ts  the time-dependent change o f  chemical stru ctu re
X ,j  ; i -  I k   ^ j -  1, 0 , (2-45)
due to n u cleo sy n th etic  and con vective processes by rep lacin g  time derivative^  
w ith  d if fe r e n c e s .  The subsequent model must again be relaxed . A number of  
such models separated in  time i s  an evolu tionary sequence.
REPLACING DIFFERENTIAL EQUATIONS BY DIFFERENCE EQUATIONS.
Kippenhahn e t  a l d iv id e the in te r v a l M . ^My Mo in to  ryi«2 mass J
■Is h e l ls  w ith  mesh poin ts
à  (M o )  (2-46-
1
21
Applying transform ation (2-44) and rep lacin g , say , (2 -1 ) w ith  a d ifferen ce  
equation , the equations
_  1 I 1 ( olx/c&V-
L 4TrM ^ J ( 2 - 4 7 )
(  j  - \ y . . y n ~ ï ' )  j
are ob tained . Subscripts j +  ^ in d ic a te  an average fo r  the mass s h e l l  
between the mesh p o in ts  j and j + 1. A number o f p o ss ib le  ways for  
determining th ese  averages are a v a ila b le , those adopted are given below , 
a lon gsid e the forms used fo r  the d ifferen ce  equations. Each o f  the 
m~T- mass s h e l ls  provides four d iffere n c e  equations w ith  the general form
(2-48'-
(  t - J J  ' YYI - 2  )  .
In ad d ition  these fu n ction s in vo lve  values o f X; and S  at j and j 4  1 
and A4; as param eters. As these 4(y>i-2) equations stand aga in st the 4(m - ! 
unknowns  ^ Ij  ^ j  ^ J= 4 ... m  ^ further equations must be obtained  from
the boundary con d ition s. We f i r s t  w r ite  out the d iffere n c e  equations  
Gy , i  ** 1 ,4  in  the form used in  the current programme, w ith  the 
transform ation (2 -14) and (2 -1 5 ).
' y (2.49a^
l_ o  L
'' 4 -tr
4  IT"
i - .  ^
X  ( lO-" '■- \ )  . V  y (2-494) 3
where 5
= ( i j  -+ )  /  2  I
)<7'4 = ()"j -" 1 /  2  I
U " < l j  •  f t -  > / 2  ,
 ^ pj '* Rj-"  ^ /  -FPjVI/,
4 ' 4  )
"  M  +  p j * >  )  ^  ^
^ V j J  /  2
/ r- \ ' ¥SnuCj^i^^ =  L Gnytcj ♦ £ n u c^ ^ , /
(  L lj+vi -  b ij i  I/,, )  P v  1/^  . (  L i'A  -  L 'M  /
(2 -50)
pj+ '/t, ■
■GjiVz — ^WttT j i - t  £.qro.\/j^ j/j_
■ Uj . y^  = ^ ( U j d  U j i i )  / 2
P jV /. *  M  "  P j -  )  / 2




THE CHOICE OF MESH POINTS
In order that the d iffe r e n c e  equations approximate the d if f e r e n t ia l  
equations the stepw idths ( e .g .  A.X - + iti a l l  v a r ia b les  must be
s u f f ic ie n t ly  sm all. For economy o f  both computer time and memory, the mass- 
s h e l ls  should not be too sm all. To s a t is f y  both these cond itions we adopt 
the fo llo w in g  scheme to con tro l the d is tr ib u tio n  o f  m esh-points. We s ta r t  
w ith  the c r i t e r ia
< Ac^  ^ A  yitaV
A  k itMyl A x < A A x  =: ■ 1
/A i 'VI < A t A i ' L  -- L
k 1 'yM «V» A p A p ! ? y  ■- pj
A.4: 'L—S V Y>n > A i ^ At I TViftx A4: - i
XX X( yvVJV <r\ A X L  ^A , ■A'r= 1 Xi^i, ■ X
(2-51)
where in  th is  in stan ce  A\vA\y , t= Ly. /L y  and va lu es used for ,
) e t c .  are given  in  ta b le  2 .1  Each mass s h e l l  ; J - ij, Yd
i s  checked to see  th a t (2-51) i s  s a t i s f i e d .  I f  one or more o f  the r ig h t -  
hand in e q u a lit ie s  i s  v io la te d  a new m esh-point i s  in se r te d  a t  a p o in t  
defined  by
■< 1 2 .  (2-52)
Table 2 ,1  Upper and lower lim its  on s te p -s iz e s  used fo r  checking the  
d is tr ib u t io n  o f  m esh-points w ith in  the s t e l l a r  model
V ariable A<\, A x  A I  A p  A t  A  Xu AX
rain 0 .0 1  0 .0 5  0 .0 5  0 .05  0 .0 2  0 .0 3  0 .0 3
max 0 . 0 2  0 . 2 0  0 . 2 0  0 . 2 0  0 . 1 0  0 . 1 0  0 . 1 0
Approximate va lu es for  a l l  o th er q u a n tit ie s  a t th is  p o in t are obtained  by 
l in e a r  in te r p o la t io n  between e x is t in g  values a t m esh-points j and j + 1 .
' II f  a l l  o f  the le ft-h a n d  in e q u a lit ie s  f a i l  then the meshpoint at 
i s  d e le ted , provid ing th at i t s  om ission  v io la te s  none o f  the right-hand  
in e q u a li t ie s .  F u ll d e ta ils  o f  an eq u iva len t scheme are given by Kippenhahn -A
e t  a l (1967). No problems a f fe c t in g  the accuracy o f  our r e s u lts  a r is in g
from the d is tr ib u t io n  o f  m esh-points were encountered w h ils t  using th is  4
s cheme.
DIFFERENCE EQUATIONS FROM THE BOUNDARY CONDITIONS
We already have the con d ition s (2-41) which hold at |  , , y ie ld in g
two equations
B , -  (  2 4 ,  ,  t , ,  p ,  ,  - I ,  )  -  O  ,  I  :  1 . 2  ( 2 - 5 3 )
or in  p a r tic u la r  :
B , = 7" + 7 ,  p , 1 = Ü  (2_ 5 4 a)
U o '  ft, p i ' *  L  -  L| -  O (2-54b)
We have a lso  obtained  equations (2-10) -  (2-13) which determine the
behaviour o f the so lu tio n  in  a neighbourhood o f the s t e l l a r  cen tre . These
may be rew ritten  in  terms o f the transform ation (2 -44) and rearranged to y ie id
C l  , h . l ,  Pm-I ) h ' - i  , )  =  O  '> ^ ' ' > 7  (2-55)
(C entral values Xyy, and A  are t r iv i a l  and do not appear as arguments).
The C ’l under transform ation (2 -14) -  (2 -15) as used in  the current 
programme are w r itten  out below. Note that the cen tra l values "
fc )£c 3 , e t c .  are rep laced  by 3 » e t c .  where
the su b scr ip t m -   ^ represents an average o f the va lu es a t  meshpoints m and «
m -  1. This approximation is  j u s t i f i e d  as fo llo w s . Equations (2-10) -  %
(2-13) may be obtained by e ith e r  o f  two methods. I f  (2 -1 ) -  (2 -4 ) are |
in teg ra ted  w ith  constant values for  pM jV over the inbaryal to ,
then the means o f the boundary values for  P , e tc .  are b e t te r  than the 4Iboundary va lu es them selves. I f  (2-10) to (2-13) are obtained using the
• I - ■ ni  F' ■
truncated McLaurin s e r ie s  expansion, then taking the means o f  the boundary 
values for and V in  the in te r v a l lAç to Mq allow s for  the n e g le c t
o f  higher order terms.
-2
Regarding the choice o f Ab , we use tAo -  lO . T ests showed th at  
I -4using ( 0  gave r is e  to a change in  the cen tra l pressure o f
G ¥  R. . Our form for the cen tra l con d ition s becomes :
c , f t  l» 3  ( - 3  Ml, TT
C.,= ~ l „ . |  ■+ M  f I + - M s - .  £
C p w , ~ p w - J  ~  ( l e t ]  , h z . M h -  . p m - ' A . / -  ' V 3  /  2 U  l o  /  Rvn - V%
Ajy — *■ ^wi„i ^ ~  Cp-yvi ~ Pvy\»i X  '/%.
Subscrip ts m -  |  rep resent averages o f  values a t mass s h e l ls  m -  1 and m, 
evaluated  using the same conventions as in  (2 -5 0 ).
THE SYSTEM OF NON-LINEAR EQUATIONS
Follow ing Kippenhahn e t  a l ,  we now have a system  o f  4m -  2 n on -lin ear
I:
equations ;
B t  =  o  .
M  =  O  : 
C; =4 O
fo r  the 4m -  2  unknowns
V =
(2-57)
ft .i.-f . Ï 2  ft- .27 . , . -W/ t. V ..ft'".,.. . o '  . /  % "k;;,! ,t ft I ^ , 'X  AAS':
: " ' ' ~ '
THE METHOD FOR SOLVING THE SYSTEM OF NON-LINEAR EQUATIONS
Kippenhahn e t  a l (1967) g ive a d e ta ile d  treatm ent o f  the so lu tio n  o f  
the system  (2 -5 7 ). In gen era l, a system  o f  n o n -lin ea r  equations
(2-58)
■ £  1  ^ '(41 , y  I ) - - - L  M )  c
. . - i n  )  -  O
A  1 ^ 0  - • • k"  )  -
w ith  an approximate s o lu tio n
( o )  ( ü )  ( ü )
a .  , 'jv  , . . .
may be so lved  using a Newton-Raphson it e r a t io n .  C orrections S>u-, are found ft
such that a f te r  s s te p s ,
(£■<') (s) f  ,y  ^ j. '* I - 1J VQ (2—59)
w i l l  g iv e  a b e tte r  approximation to  the so lu t io n  o f (2 -5 8 ) , where the
are determined by so lv in g  the system
t  =■ ; k H . v i  (2-60)
: :  I \  O y \  /  ' J
where su p erscr ip ts  (s )  in d ic a te  that the fu n ction s \ aiT^ d are
( s)evaluated  from the g ;  . S ince (2-58) are n o n -lin ea r , icj; must be 
ca lcu la ted  and app lied  i t e r a t iv e ly  u n t il  some convergence c r ite r io n  i s  
s a t i s f i e d .
(b) I (o') (cl I (v)I f  an approximate s o lu t io n  , Ij , pj , \ to the n on -lin ear
system  ( 2 - 5 7 ) e x i s t s ,  then th is  method may be app lied  to ob ta in  co rrection s  
from the system  o f l in e a r  equations o f the form (2-60) :
?
■ . - 1
C". ' Î'-'’ - 2 /
< s X  4 - 4- (
^ L , ^ ' V .
, p ,  t  k t ,
'  M A  I
^ P r .  
( i = I, . . . .  4  , j' n\ 0
1I
Ï(2 -61 )4
bC i X i
 ^vvi '  »
l C i _ c
^ ;^  tyvi-l Y X ■ Y pwl-lpw' \
f  L. .  p
vvt
XWi 4  ^ ¥
W\
-  C l
►VI- I i
( i = 1 , . . . £ . }  .
A ll c o e f f ic ie n t s  may be ca lcu la ted  from equations (2 -4 9 ) , (2 -5 0 ) , (2-54) 
and (2-56) using the approximate so lu tio n  and the known parameters X; ^ S  
and A t  . At the p resen t a l l  d er iv a tiv es  o f p h y sica l q u a n tit ie s  ( e .g .
* e t c . )  are obtained by f ir s t -o r d é r  numerical 
d iffe r e n tia t io n #  (2 -61) rep resents a system  o f 4m -  2 inhomogeneous 
l in e a r  equations for 4m -  2 correctio n s which may be so lved  by fa m ilia r  
techn iques. That used in  the current programme i s  the one o r ig in a lly  used  
by Henyey e t  a l (1964) and described  f u l ly  by Kippenhahn e t  à l (1967),








where a l l  n o n - tr iv ia l  elem ents in  the f i r s t  m atrix l i e  in  overlapping blocks
. ' A . . - A ' ; ,r ___ _ _ ' . _ _ _ _______ ____________
Ialong the lead ing  d iagonal. C orrections are determined as lin e a r  fu n ction s  
o f the l a s t  two correction s in  each b lock , e .g .  1
i  ,  (2 -63) I
for which the 3 (4m -  6 ) c o e f f ic ie n t s  (U;^ V;, W i )  C : 1, wn -  ^ ) are sto red . |
"iThe correction s j are obtained d ir e c t ly  from the la s t  €
b lock , and are then used to s u b s t itu te  back, e .g .  in  (2 -6 3 ) , to y ie ld  a l l  
correction s |
2 .5  RELAXATION OF ZERO-AGE MODELS  ^ :
In order to use the Henyey code to so lv e  the system  o f  equations (2 -57) |
to ob ta in  a s t e l l a r  model, an i n i t i a l  approximate so lu tio n  must f i r s t  e x i s t .
In the case o f  the f i r s t  model o f  a sequence, th is  i s  normally a zero-age  
• .main-sequence or h orizonta l-branch  s ta r ,  for which ev o lu tio n  i s  slow  and the 1 
approximation 'O may be made. Another zero-age model, constructed  g
w ith  e ith e r  d if fe r e n t  mass or com position param eters, i s  u su a lly  s u f f i c ie n t   ^
to provide an approximate so lu t io n  w ith in  the range o f  convergence o f  the i 
o v e r a ll scheme. Where such a model does not e x i s t ,  an approximate so lu tio n  
may be confuted using e ith e r  an in te g r a tio n  scheme as described  in  ^2 . 2 , 
or some s im p lif ie d  s t e l l a r  model such as a po lytrop e.
Once an approximate so lu t io n  i s  e s ta b lish e d , su rface con d ition s  
appropriate to i t  are obtained  in  the form (2 -5 3 ). C o e ff ic ie n ts  fo r  equation  
(2-62) are e s ta b lis h e d , and the system  i s  so lved  for  correction s SiA,, e t c .  
These are ap p lied  to the approximate s o lu t io n , and the procedure i s  repeated. 
In our programme, when good convergence i s  obtained , each s e t  o f  co rrectio n s  
f a l l s  by a fa c to r  o f  1 0  w ith  each i t e r a t io n .  Some co n stra in ts  are ap p lied  
to ensure convergence in  as many cases as p o s s ib le .
Consider ^ t o  be the la r g e s t  ab so lu te  co rrectio n  to any v a r ia b le ,
Aand C to be the r .m .s , co rrec tio n  to a l l  v a r ia b le s . A ll correction s are 
m u ltip lied  by a constant before being ap p lied . Values for and
A
convergence c r i t e r ia  are given  in  terms o f  and t  in  tab le  2 . 2 .
The la s t  con d ition  tabu lated  i s  provided because in  a few c a se s , convergence 
o f  the so lu t io n  h a lts  b efore S and £ have s a t i s f i e d  the previous *
4 Ac r i t e r ia .  6 , i s  the value fo r   ^ from the previous i t e r a t io n .  While 
exhaustive attem pts to improve convergence in  these cases were considered  
unnecessary, i t  was n o ticed  th at was freq u en tly  a sso c ia te d  w ith  the
C and 0  io n is a t io n  bunç>s a t ”1*"^  ^loV  in  the Carson op acity  ta b le s .
r- xT. . w.', f - ............................................ '        . . .  . .    . , . , . . . 5 ............... . 1 .
3A j,
,v o T c <?lUev" c<£jv\vev"oeu<x
c Vv Vc \ 1, <:\
>1 -  O' \
< \ > O S' o  -s
<  \ < O . S  I ■ Ü
< Sy 1Û -  \ .Q
<  5  „  l o ' ' *  1-0 t / ^  t  I \ /
Table 2 .2  Convergence c r i t e r ia  fo r  so lu t io n  o f  (2-60) J
!
i
A fter every 5 i t e r a t io n s ,  or when convergence has been e s ta b lish e d , the 
su rface con d ition s are checked by fin d in g  and T from (2-41) to determine  ^
whether they remain w ith in  the ( ^c/C'v ; Î ' I; ?) tr ia n g le  for  which (2-41) 
i s  v a lid . In a d d itio n , i s  te s te d  to ensure that con d ition s (2-38) and 
(2-39) are s a t i s f i e d .  The scheme i s  i l lu s t r a t e d  in  fig u re  2 .1 .
The b e s t  a v a ila b le  so lu t io n  for  the model i s  w r itten  out reg u la rly  to allow  
the procedure to be r e s ta r te d . When convergence has been e s ta b lish e d ,  
and the su rface con d ition s are c o n s is te n t  w ith  the in te r io r  model, a 
so lu t io n  to  the s t e l l a r  stru ctu re  problem has been obtained .
. .   _____ "Js-j
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2 .6  CONSTRUCTION OF EVOLUTIONARY SEQUENCES
Given a s t e l l a r  model a t  time t^ , say , we may introduce tim e-dependent 
e f f e c t s .  Follow ing Kippenhahn e t  a l ,  a separate procedure i s  used to tr e a t  
the changes in  chem ical stru ctu re  due to equations (2 -5 ) and (2 -6 ) which are 
rep laced  by d iffere n c e  equations o f  the form ’f
-  l i t . '  1 . - &  « - . «  I
where A t — t  -  t  i s  the time in te r v a l between two models o f ages t  and t  , "Ifo o
and the su p erscr ip t o r e fe r s  to values from the model a t  time t^.
Applying (2 -64) or i t s  eq u iva len t fo r  con vective r eg io n s , we obtain  the à
chem ical stru ctu re  fo r  the s ta r  a t  time t .  The so lu t io n  a t  t^ may be used |
as an approximate s o lu t io n  a t time t .  I f  a so lu tio n  a lso  e x i s t s  a t  
t^ -  A t , a b e tte r  approximation may be obtained by ex tra p o la tio n . The j|
approximate so lu t io n  may then be relaxed  as in  ^2 , 5  to ob ta in  a so lu tio n  
fo r  the system  (2 -5 7 ) . Energy re lea sed  in  a n o n -a d ia b a t ic  expansion  
appears in  (2 -2 ) as -T . In (2-50) the d e r iv a tiv e  has been rep laced  |
by a d iffere n c e  and rearranged using the f i r s t  law o f thermo dynamics.
Thus (2 -2 ) becomes
4 - .E l ,P ~ P . .,) (2 -65)
The model i s  checked fo r  chem ical homogeneity in  con vective regions  
a f te r  each it e r a t io n  fo r  which = I • The tim es tep A t  i s  chosen to  
s a t is f y  the requirements o f  good convergence, w ith  a minimum number o f  
tim eateps provid ing a good d is tr ib u t io n  o f  p o in ts  on an evo lu tionary  sequence. 
In p r a c t ic e ,  th is  i s  ach ieved  by lim it in g  changes in  cen tra l con d ition s to 
< 0 , 0 2  O'Oh (0 , 2  i f  the core i s  con vectiv e) and i n i t i a l  r .m .s ,
co rrection s to . Near to the exhaustion  o f nuclear fu e l in  the
core , the times tep i s  halved i f  . The tim es tep i s  doubled i f
convergence i s  very rap id .
W eigert*s (1966) treatm ent o f  very th in  s h e l l  sources as described  by 
Kippenhahn e t  a l  (1967) i s  adopted, where the X p r o f i le  i s  ad justed  to s a t is f y
\  _  _A_ ( 2 - 6 6 )
■ b M ^ v X e O . /  a
where L_j. i s  the nuclear energy re lea sed  in  the e n t ir e  s h e l l  and i s  
the value o f % in  the reg ion  in to  which the s h e l l  i s  moving.
A method i s  included  for  r e s ta r t in g  a tim es tep w ith  A t  halved for  
s itu a t io n s  where d ivergence i s  encountered.
Every ten th  model i s  w r itten  out w ith  i t s  preceding model, to enable 
the sequence to be r e s ta r te d  i f  requ ired . The o v e r a ll scheme for  
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3,1 THE EQUATIONS OF STATE 4
In order to c a lc u la te  models for  s t e l l a r  s tr u c tu r e , some d escr ip tio n  f
for  the bulk p ro p ertie s  o f  s t e l l a r  m aterial i s  required. F a ir ly  general #
treatm ents o f the equations o f  s ta te  under a number o f  con d ition s are given  
by Cox and G iu li (1968). A fter  in troducing the q u a n tit ie s  required by our 
treatm ent we g ive  d e ta i ls  o f  our method for so lv in g  the equations o f  s ta te  
for  io n is in g  m ateria l and e le c tr o n  degenerate m ateria l r e s p e c t iv e ly .
Further thermodynamic q u a n tit ie s  required in  the s t e l l a r  stru ctu re  calcu lation#: 
are a lso  d e ta ile d . The method used to choose the appropriate equation o f  
s ta te  i s  described .
The equations o f s ta te  are so lved  knowing the to ta l  p ressu re , P = P^, %
the tem perature, T, and the chemical com position, , where X  ^ i s  the 
r e la t iv e  abundance by w eight o f  chemical iso to p e  w ith atom ic w eight U.
The to ta l  p ressure i s  the sum o f the to ta l  gas pressure and the ra d ia tio n
p ressu re ,
(3 -1 )
where given the rad ia tio n  constant ex. ( *= 7.564 x 10 erg cm de g * )
V i ^ ^ a T ^ / 3  (3 -2)
For a p e r fe c t  gas the equation o f  s ta te  may be w r itten  in  some form such as
^  =  n ^ k T  =  ( n , - .  n j  k T  =  ^  k T  ( 3- 3)
where k (« 1.38044 x lO''^ erg deg ) i s  Boltzmann’ s con sta n t, rip , n ;
and He are the number d e n s it ie s  o f p a r t ic le s ,  ions and e lec tro n s  
r e sp e c t iv e ly  and N^  («= 6.0223 x 10*^ ) i s  Avogadro’ s number, / a. i s  the 
mean atomic w eight per p a r t ic le ,  ri; i s  a s in p le  fu n ction  o f the d en s ity ,  
^ , and the mean atomic w eight per io n , »
v1 ; (3 -4 )
. 'y . - 'r     . . - r c - r
where i f  the mass ( in  a.m .u) o f each element
/L 'i =  ^  X k / M k  (3-5)
The c a lc u la t io n  o f  i s  more com plicated as the degree o f  io n is a t io n  
i s  a n o n -lin ea r  fu n ction  o f  T ”, p and The sim ple form o f  the p e r fe c t
gas equation o f s ta t e  i s  fu rth er m odified at high temperatures and d e n s it ie s  
by r e la t iv i t y  and degeneracy.
9In the current study, we do not encounter temperatures T" > lO  K 
or d e n s it ie s  p >  1 0  gm cm  ^ , and can th erefore n e g le c t  r e l a t i v i s t i c  
e f f e c t s  (see  f i g .  2 4 .4 , Cox and G iu li ,  1968). For d e n s it ie s  a t which 
electron-degeneracy  becomes s ig n i f ic a n t ,  temperatures are high enough to 
assume th at the s t e l l a r  m ateria l i s  f u l ly  io n ise d . Hence we have so lved  
Saha's io n is a t io n  equation a t  low temperatures ( T ’/T ^ '-^  S x  10^) to ob ta in  
equ ilibrium  assuming no degeneracy. For h igher temperatures we have 
assumed f u l l  io n is a t io n  in  con sid ering  degeneracy e f f e c t s  on the so lu t io n  
o f  the equation o f  s ta t e .  Q u an tities  required from the equation o f  s ta t e  |
are the mean atomic w eight,yU  > the to ta l  d e n s ity , p , the e lec tro n  
d en s ity , Y)g , the in te r n a l energy, C4 , the s p e c i f i c  h e a ts , Cy. and 
and the a d ia b a tic  grad ient .
SAHA'S IONISATION EQUATION
Our treatm ent o f io n is a t io n  equ ilibrium  c lo s e ly  fo llow s the 
d iscu ssio n s  o f  Cox and G iu li (1968 ), and Mihalae (1978), where f u l le r  |
d er iva tion s o f the fo llo w in g  equations may be found.
The Saha io n is a t io n  equation , an ex ten sion  o f  the Boltzmann formula s
for  occupation numbers o f atomic energy le v e l s ,  may be so lved  for  the 
r e la t iv e  numbers o f  atoms and ion s in  su c c e ss iv e  s ta g es  o f  io n is a t io n ,  and 
for  the e le c tr o n  d e n s ity , provid ing  that the gas i s  in  lo c a l thermodynamic 
equilibrium  (LTE). The con trib u tion  o f  the e x c ita t io n  p o te n t ia l  
for bound le v e ls  to the to ta l  in te r n a l energy i s  n eg le c ted , w h ile  the 
io n is a t io n  en erg ies have been included . The Saha equation becomes
38
n ju  -  rie U;w ( T )  f  )n. ( 3- 6 )
'^4 ,Vr u   ^ ( t )  \ ' 2 -ttw 1</ 2  \  l<2 ~" /j*'
i
=  ’3 e ^ , u ( T )  ^  (3 -7 ) ,
where the ( T }  are p a r t it io n  fu n ction s o f the J  io n is a t io n  s ta te  o f 
atomic sp ec ie s  W . T ests showed th at using * ^be s t a t i s t i c a l  |
w eight o f  the low est ground term was s a t is fa c to r y .  An e a r l ie r  v ers io n  o f  
the equation o f  s ta te  trea ted  the io n is a t io n  o f H and He on ly . The 
treatm ent o f  p a r t it io n  fu n ction s fo llow ed  th a t o f  A ller  (1963), where
UjV, =  '5^ ( i O C p { - K „  /W T  )  (3-8)
i s  the summation over energy s ta t e s  o f  the s t a t i s t i c a l  w eight ,
rep resen ting  number o f a v a ila b le  e lec tro n  s ta te s  obta ined  by summation o f
c\ = 2 3 + \ over a l l  in d iv id u a l angular momentum s ta te s  3 a v a ila b le  to an I
e le c tr o n  w ith  p r in c ip a l quantum number vi . The p ro b a b ility  for the %
occupation o f  an energy s t a t e ,  , may be approximated by
p ,  =• e x p l - c ( z )  . Mg . Y ) ‘ . ^ 0 4 0  ]  (3-9)
where c('Z-) depends on the degree o f  io n is a t io n . The e x c ita t io n  p o te n t ia ls
must be obtained  experim enta lly  ( e .g .  Moore, 1949) or from some atomic model. î
R ecursive a p p lic a tio n  o f  (3 -  6 ) leads to the fr a c t io n  o f sp ec ie s  i( in  
io n is a t io n  stage  j
-gu K T )  = 1 T  ( n ,  (3-30) I
=  ( M ( , T )  /  Sv.  (v1 .  , T  )  (3-11)
where 3% i s  the h ig h est io n is a t io n  sta g e  o f sp ec ie s  k considered .
Given and T, the to ta l  number d en s ity , rip , i s  known. I f  the
r e la t iv e  abundance by number o f  sp ec ie s  k , , i s  such that the to ta l
number d en sity  o f  sp e c ie s  U , where f I and X k /A l|
then the con d ition s o f p a r t ic le  and charge conservation  are given by i|'1
Mw =  ( Kl p- ' Og)  (3-12) I
“  (y3p -  »7e ) 2 - X-  (3 -13)
knowing Op and T, becomes the so lu tio n  o f  a n on -lin ear  equation which 
we fin d  using a g en era lised  Newton-Raphson method f i r s t  suggested  by Auer I
and described  by Mihalas (1978). An i n i t i a l  estim ate for  i s  used to |
ob ta in  a value from (3 -1 3 ). I f  can be found such th at
Ü
S olv in g  for  6 %  , these equations are ite r a te d  using  
as the estim ate  for  u n t i l  ^>Y\cl^e drops below some s p e c if ie d  |
value ( e .g .  10  ^ ) .  The convergence o f th is  procedure i s  q u adratic ,
and w ith  a good i n i t i a l  estim ate  we u su a lly  fin d  2 or 3 ite r a t io n s  to be |
s u f f i c ie n t .  ^
' i
In order to ob ta in  a number o f  other thermodynamic p ro p ertie s  o f  J
the s t e l l a r  m a ter ia l, we must f i r s t  have the grad ients ( [ ) .  
and ( ' è v l e - addi t i on to the e lec tro n  d en sity
T X k
Hg. = ide **■ , equation (3-13) w i l l  be s a t i s f ie d  e x a c tly . This cannot be
done ex a c tly  because the equation i s  n on -lin ea r . To f i r s t  order, we have
■ W  =  (3-14)
^  ^  j  (3-15)
■ | i =  Ç “ « ( s ; ' s o ( ^ ) - s r ( | | ) î j f w )  < « «
The fu n ction s and SC)3g.jT) may be rew ritten
% k , - r )  . ^ ( T )  < 3 - .n  j
■Si -  . f .  T iju  ? ( T )  < « • >J'd\e J d\<






à ? X X k ( 3- 20)
^ 0  i  ( Vlp )
i - ( v ) ^ # :  1 3 ( ( i - k  - j  )  Ç k  -  V L \ I . -  V  w  ■ i jk
The mean atomic w e ig h t ,y i ,  and d en sity  are now given  by
E X . / M . .  ( I l f  j + j k )/ I
^  — iXl p y\A /  W 0
The in te r n a l energy per u n it mass in c lu d in g  k in e t ic  energy, io n is a t io n
energy and ra d ia tio n  energy, i s
(3 -21)
(3-22)
u  w - r / ç
a









The s p e c i f ic  heats a t constant volume, Cy , and a t constant p ressu re, Cp 
and the ternperature and d en sity  exponents, and %  , become
,5 
"L I"1 ■ - X l  »p i  X p  (3 -26)
=  ( 1 ^ 1  - ~ ( ( ^ -  ( ¥ ) ,  T -  -  k - r .  4 P .  j / p  ,
f  /  (3-27)
The on ly  a d ia b a tic  exponent (or gamma) required i s  the a d ia b a tic  g ra d ien t,
* where |
v V  =  f 4 k £ ] , = _ & _ =  y T  +  X p / ( 2 . 2 < T )  (3 -29) :w  \7hÂf)A n - i  V e T  c v /  1
The treatm ent o f  lo c a l  m ix ing-len gth  theory adopted in  th is  study a lso  |
requ ires the q u antity
( f e l  „  -  x : ( X k  / M , t  J ( # ) )
where /  11 è^ Y\c
T\
e I -and ^   ^ ^
We have now c o l le c te d  the exp ression s fo r  the thermodynamic p rop ertie s  
o f  io n is in g  s t e l l a r  m ateria l required in  our c a lc u la t io n s  o f  s t e l l a r  s tru c tu re . 
In p r a c t ic e ,  we tr e a t  the io n is a t io n  o f  elem ents H, He, C, N, 0 , Ne and Mg, 
where other elem ents are grouped eq u a lly  w ith  N and Mg in  c a lc u la t in g  th e ir  
con tr ib u tion  to the io n is a t io n  equ ilibrium . We con sid er the n eg a tiv e  ion
1
Cliyi'i   _r’.-Ai *i„ ■ - .'l- ' : !■-—A.1 i’i- . .... AÎ Vk i'Vv: ' '
1 -y ' ' j*-'' / "V; ; ' - ' r 42:^)''
o f each elem ent, and a l l  p o s it iv e  ions up to the seventh  io n is a t io n  where Î 
appropriate. For a l l  eqs. (3 -10) to (3-32) care must be taken in  the 
treatm ent o f  the summations over io n is a t io n  s t a t e s .  In t e s t s ,  good agreement 
w ith  the r e s u lts  o f Vardya (1965) was achieved. The approximation o f  f u l l  
io n is a t io n  a t  was found to be good for  most common r;
s t e l l a r  envelope m ixtures.
EQUATIONS OF STATE FOR A FULLY IONISED NON-RELATIVISTIC DEGENERATE GAS
D iscu ssions o f  the treatm ent o f the equation o f  s ta te  for e lec tro n  i
degenerate gases may be found, fo r  example, in  Cox and G iu li (1968) and ?
H ejlesen  (1980). We d escrib e the method we have adopted.
In deep s t e l l a r  in t e r io r s ,  pressure e f f e c t s  alone w i l l  lead  to a high I 
degree o f io n is a t io n  so th a t the s t e l l a r  m aterial becomes a n eu tra l
two-component plasma o f  n u c le i and free  e le c tr o n s . Except in  h igh ly
condensed s ta r s  ( e . g .  neutron s t a r s ) ,  the p o s it iv e  component may be trea ted  
as a p e r fe c t  gas. The n eg a tiv e  component i s  an ’ id e a l '  Fermi-Dirac e lectron ,, 
gas, where the P au li ex c lu sio n  p r in c ip le  requ ires from s t a t i s t i c a l  mechanics 
th at the momentum d is tr ib u t io n  in  the gas i s  given under the assumptions 
th at e lec tro n s  are n o n -in tera ctin g  and are not in  any appreciable p o te n t ia l  
f ie ld s  by
l )  0-33)
Here (p3 i s  the number d en sity  fo r  e lec tro n s  w ith  momentum in  the 
range (f^p + <^p} » Y the degeneracy parameter, £  i s  the e le c tr o n  k in e t ic  
energy and Vi (« 6.6252 x 10 erg se c )  i s  P lanck's con stan t. The 
degeneracy parameter ch a ra cter ises  the departure o f the Ferm i-Dirac 
d is tr ib u t io n  fu n ctio n  from the Maxwell-Boltzmann d is tr ib u t io n  fu n ction  for  a 
p e r fe c t  gas. At low d e n s it ie s ,  j-j O and the p e r fe c t  gas law may be used.
In teg ra tin g  over momentum s t a t e s ,  (3-33) becomes
A l ln,
'I
 A S iE -----------k-—
6 X p ( - y f  E / k l  )-*■ I
(3-34)
'  —I - I - ' ' '  '■iA’»'-. Ï » .... .fi' a;--' ; -A .  i,-A.
à o  (  ( 3 - 4 7 )
L ettin g  'X» ^/^"p(= y*/2m^< i in  the n o n -r e la t iv is t ic  c a s e ) , then
n .  =  ( 3 - 3 5 )
where fp (y )  = [ ._5<L_.Æ^____I ( 3 - 3 6 )
i s  the Fermi-Dirac in te g r a l ,  which has been tabu lated  by McDougall and Stoner 4
( 1 9 3 9 ) ,  and fo r  which polynom ial expansions have been derived , e .g .  Cody and
Thatcher ( 1 9 6 7 ) .  We a lso  ob ta in  for  the e lec tro n  pressure
IU =  ’/ s  M . , ( p )  p  v ( p }  d p  ( 3 - 3 7 )
= V s  M e k T .  F y J v )  /  F'Xt ( '? ')  (3 -38)
In so lv in g  the equation o f  s t a t e ,  we know the gas p ressu re , Kj , i
tem perature, T, the chemical com position , X> , and assuming f u l l  io n is a t io n ,  I
. 1the mean atomic w e ig h ts , , y ll/ and . That i s ,  5
. ^  ^ / ( "  S X h -I
yWe = 2 / ( 1  I X„ ) (3-40)
I( 3 - 3 9 )  ?;
Using ^  4  % we ob ta in
1  =  4 v  p T  ( 3 - 4 1 )  1
In order to ob ta in  an approximate value for  y  we attem pt to s a t i s f y
F  ( ? )  ^  F  ( y i  )  ( -  4 < y  < Z O  )  ( 3 - 4 2 )
w h e r e  ^ / (  4 ^ / 3  , ( l i r m k T y / ^  k T )  ( 3 - 4 3 )
and .  1 _ F y , ( r / )  ( 3 - 4 4 )
/A. 3
I f  4 we assume a non-degenerate equation o f  s t a t e ,  in  which case
we ob tain
Ç =  / 4 -  §  /  R  T ” ( 3 - 4 5 )
%  =  R T / k -  ( 3 - 4 6 )
4
Î)P.
Jf..  .........................................................T- . b. ..1......
I f  we assume complete degeneracy in  which case we ob tain
p  =  p / A T I )  _ _ Ê E _  [^  ^ \ / ' (S' \  ËIT j  (3-48)
which may be so lved  for  o  using a Newton-Raphson it e r a t io n  method.
I f  we then l e t
 ^ I (3 -49)
R T
we obtain
-  P~r f _L -—— A
^  ^ V Ak 3  yk c / (3-50)
R p / / A ,  (3-51)
I f  - i \<r j<20  p a r t ia l  degeneracy holds and the degeneracy parameter i s
obtained as a so lu t io n  o f  (3 -41) by Newton-Raphson it e r a t io n .  The d en sity
i s  then given by /
A -  =  - 4  . l i / Z l ' l k T  f  ' p  y  \
/Ac "ÎT'  ^ (3-52)
To ob ta in  d e r iv a tiv e s  we d efin e
A =  A  F% (r / )  /  ( l y )  (3-53) I




in  which case
t  A  / / ^ c  (3-55)
I S .  R T  ( T -
— R ^ ~  ^  ^ (3-57)
We can then use standard forms for  the in tern a l energy, s p e c i f ic  h eats and 
temperature and d en sity  exponents, v i z . ,
Li = ( 2 / 2  -t 3 %  )  /  O (3-58)
Cy =  ^ 3 / 2  t  ( 2  "R. /T ^  ]  y  p  (3 -59)
Cp =  Cy (3-26)
()T  X e
(3 -60) .1
'V ''A  " 'A'*’- ' -  y - -4 ; —  - - ■.■ ■■(;. - f  "" v : - - i - . - "A ("
(3 -61) ;
\ ^ T  P
The a d ia b a tic  grad ient I given by (3-29) and the d er iv a tiv e
('àlvy''-/èl>FX  ^ * van ishes under the assumption o f f u l l  io n is a t io n . /
CHOOSING THE EQUATION OF STATE
We have already found that the fu l1 - io n is a t io n  approximation for  
y  holds for  most common s t e l l a r  envelope m ixtures. For
s t e l l a r  models constructed  in  the p resen t work we do not encounter degeneracy? 
e f f e c t s  fo r  <! IÜ , and hence the separate treatm ent o f  io n is a t io n  i
equ ilibrium  and n o n - r e la t iv is t ic  degeneracy i s  v a lid . To ensure th a t a l l  I
p ro p ertie s  ca lcu la ted  from the equations o f s ta te  and th e ir  d er iv a tiv es  
are continuous we adopt the fo llo w in g  procedure to s e le c t  the appropriate /
method. "
/ D.|  ^ '
1) I f  ~X /R  Fx" ID we ob ta in  io n is a t io n  eq u ilib riu m  from Saha's 5
' J  ;
equation assuming no degeneracy e f f e c t s .  )
j O' I 'j2) I f  T y R  >  é S  K 10 we c a lc u la te  the equation o f s ta te  assuming f u l l  •
io n is a t io n  and n o n - r e la t iv is t ic  degeneracy.
""H / (?> I «-3) I f  S lt lO C  <  G .S k ID a l l  q u a n tit ie s  are obtained  by x
in te r p o la t in g  between the r e s u lts  from both methods (I )  and (2 ) , To ensure #
continuous d e r iv a tiv e s  the in te r p o la t io n  i s  w eighted by a cosin e fu n ction  I
over the in te r v a l (5 x 1 0   ^ , 6 .3  x 1 0   ^ ) .
■ 'y 1 A ? ; :r., 4 if A A. A? j
3 ,2  STELLAR OPACITY
E ffo r ts  to determine the o p a c ity  o f s t e l l a r  m ateria l to energy tra n sfer  
are reviewed by Cox (1965) and by Carson (1976). Here we summarise the main § 
fea tu res  in  the development o f  the theory, fo llo w in g  Carson (1976). The 
Carson o p a c it ie s  and the method o f  in te r p o la t io n  are described . A ltern a tiv e  |  
o p a c it ie s  are b r ie f ly  mentioned.
In order to determine both the method and the ra te  o f  energy transport ?
in  s ta rs  the op acity  to energy tr a n s fe r , x , must be known as a property o f ithe s t e l l a r  m a ter ia l. This o p acity  i s  the harmonic mean o f  r a d ia t iv e  and |
conductive o p a c it ie s .
H  ^ He * (3-62)
fo llo w in g  from the a d d it iv i ty  o f  r a d ia t iv e  and thermal c o n d u c t iv it ie s ,
K  =  « V  + V  ( 3 - 6 3 )
where con d u ctiv ity  and o p acity  are r e la te d  by the equation
In gen era l, r a d ia t iv e  tra n sfer  i s  the p r in c ip a l mode o f  energy tra n sfer  in  
the nondegenerate regim e, w h ile  thermal conduction i s  more important in  the 
degenerate regim e.
The r a d ia tiv e  op acity  i s  i t s e l f  a harmonic mean o f  the monochromatic 
ra d ia tiv e  m ass-absorption c o e f f ic ie n t  h (v  ^ where V i s  the photon frequency* 
In Local Thermodynamic E quilibrium , the Rosseland mean defined  by
Hr' ^  B  ( T )  j K ’ (v ) - A S 1 X £ I A  c i y
i s  appropriate where BCVjl") are the monochromatic and in teg ra te d
blackbody s p e c i f i c  in t e n s i t i e s ,  and K(v )  comprises con trib u tion s from both  
absorption and s c a tte r in g  p r o c e sse s . The important atomic tr a n s it io n s  
con tr ib u tin g  to the absorption  c o e f f ic ie n t  w i l l  depend on the degree o f  
io n is a t io n  o f  the m a ter ia l. Io n isa t io n  eq u ilib riu m , occupation numbers 
and c r o s s -s e c t io n s  must be obtained  from su ita b le  atomic models.
Thermal conduction a r ise s  from the anisotropy in  the energy d is tr ib u t io n
of the co n stitu en t p a r t ic le s  which a r ise s  when a temperature grad ient e x i s t s  
in  a medium. In LTE, eq u ip a r tit io n  o f energy r e su lts  in  e lec tro n s  carrying  
most o f  the heat energy. T rad ition a l th eo r ies  (see  Carson (1971) for a 
summary) tr e a t  the temperature grad ient as a perturbation  in  the Boltzmann 
equation for the e lec tro n  d is tr ib u t io n  function
- f (E )  = (e ;x p  ( .^ /U T -^77)  -I I (3-66) j
where i s  a degeneracy parameter. With the c o l l i s io n a l  re la x a tio n  time |
X  , where
r ' F  A4 V T  > (3-67)
being the number d en sity  o f  s c a t te r e r s ,  V th e ir  v e lo c ity  and cr~^  
the momentum tra n sfer  to ta l- s c a t t e r in g  c r o s s - s e c t io n , the thermal conductiv ity^  
becomes
V  = ( 1 )  I  I E ' )  -  /  T T d )  I
I ( ( - , i r / 3 )  f x r v ‘'I (3-69)
In analogy w ith  the theory o f  m eta ls , the thermal con d u ctiv ity  can a lso  be
expressed  in  some o f  the usual transport c o e f f i c ie n t s ,  , for  the e l e c t r icÜ
and thermal currents in  the gas
(3-70) A
The S ij may be obtained from the c o l l i s io n  c r o s s -s e c t io n s  for  e le c tr o n -e le c tr o n  
and e le c tr o n -io n  c o l l i s io n s  ( e .g .  Lampe, 1968) w ith  appropriate co n sid era tion  | 
given to c o l le c t iv e  e le c tr o n  e f f e c t s .
Early models for  r a d ia tiv e  op a city  adopted Kramers' s e m i-c la s s ic a l S
c r o ss -se c t io n s  for  fr e e -fr e e  and bound-free tr a n s it io n s  (Eddington, 1926), A
quantum-mechanical c r o s s -s e c t io n s  for  e lec tro n s in  a Coulomb f i e ld  
(Stromgren, 1932), and co rrectio n s for  Coulomb screen in g  and pressure m
io n is a t io n  (Morse, 1940). K eller  and M eyerott(1955) made the f i r s t  V
c a lc u la tio n s  w ith  a programmed c a lc u la to r , p resen tin g  r e s u lt s  for  13 i
chemical com positions. With the development o f  high speed e le c tr o n ic  J |
computers, more s o p h is t ic a te d  models were developed, la r g e ly  by Cox and |
co llea g u es (Cox, 1965) a t the Los Alamos S c ie n t i f ic  Laboratory, In these
•^'■>4;/ ll/V- A "■ ' ’■ ’■” .' ' -"A'"  ^ '''" ' ' ' F - ■'■ "-'.L ■ V '■ .. ■ ‘ , *'■ ',-r% V - - . ■ ^
c a lcu la tio n s  energy le v e ls  were ob ta in ed , from ob serva tion a l data when 
a v a ila b le , otherw ise from the Bohr theory w ith  the a id  o f S la te r  screen ing  
constants and corrected  for  in te r a c t io n s  w ith  charged p a r t ic le s .  For 
temperatures T"< ID K , Saha's io n is a t io n  equation was used to determine 
io n is a t io n  equ ilibrium . At h igher temperatures only average atoms w ith  
average numbers o f e lec tro n s  in  each s h e l l  were considered. The r a d ia tiv e  
absorption c r o s s -s e c t io n s  for  f r e e - f r e e ,  bound-free and bound-bound 
tr a n s it io n s  were taken to be hydrogenic or Coulomb in  form. The free  
e lec tro n s  s c a t te r  according to the c la s s ic a l  or Thomson cross s e c t io n ,  
m odified for stim u lated  Corapton-scattering (Sampson, 1959). At th is  s ta g e ,  
e le c tr o n  conduction was trea ted  by the t e l  (1950) ex ten sion  o f  the 
Marshak (1941) theory in  which only  e le c tr o n -n u c le i c o l l i s io n s  w ith  
Rutherford c r o ss -se c t io n s  are considered . The f i r s t  r e s u lts  o f  these  
c a lc u la tio n s  were given by Cox and Stewart (1962), Cox, Stewart and F ile r s  
(1965) and Cox and Stewart (1965) for a to ta l  o f  13 chemical m ixtures. 
Further improvements over these c a lc u la tio n s  led  Cox and Stewart (1969) to  
p resen t r e s u lt s  for  4 4  m ixtures which included  a d d itio n a l sources o f  
absorption  and improvements to the methods o f c a lc u la t io n  lead ing  to r e su lts  
which d iffe r e d  by up to 40% a t T r 10 K from previous ones. Further 
improvements, in c lu d in g  the e f f e c t s  o f a u to io n isa tio n  broadening on 
absorption  l in e s  (Merts and Magee, 1972), the ca re fu l treatm ent o f  narrow 
l in e s  (Magee, Merts and Huebner, 1975), the in c lu s io n  o f  more bound-bound 
tr a n s it io n s  and the absorption  due to many m olecules (M erts, Magee and 
Beebe, 1973) have le d  to the p u b lica tio n  o f a fu rth er s e t  o f  op acity  
ta b le s  by Cox and Tabor (1976), The general tendency o f  th ese  su c c e ss iv e  
improvements has been to in crea se  the Cox-Stewart o p a c it ie s ,  o fte n  by 
large fa c to r s .
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THE CARSON OPACITIES
The most s ig n if ic a n t  s in g le  p h y sica l approximation adopted in  the 
op acity  c a lcu la tio n s  d iscu ssed  so far  i s  the use o f the ’hydrogenic* or 
'Coulomb* approximation. Departures from the v a l id i ty  o f  th is  approximation I 
w il l  become important for  m any-electron and n o n -excited  le v e ls  and a t high  
d e n s it ie s ,  where departures from a s t r i c t  Coulomb f i e l d  are la r g e . The 
v a lid i ty  o f the hydrogenic approximation was examined by Carson and 
H ollingsw orth (1968) using the standard atomic model, v i z . ,  the W igner-Seitz 1 
ion  sphere f i l l e d  w ith  a n e u tr a lis in g  uniform d en sity  e lec tro n  gas and i
num erically exact methods. Providing the e f f e c t iv e  nuclear charge was VIchosen in  a p a r tic u la r  way, they found that the hydrogenic approximation |
could be a p p lied , but gave o p a c it ie s  increased  by up to 40% above the 
corresponding Cox v a lu es . In a separate programme, Carson, Mayers and 
Stibbs (1968) carr ied  out non-hydrogenic c a lc u la t io n s . Using the g en era lised  
Thomas-Fermi atomic model for the charge d is tr ib u tio n  in  the neighbourhood , 
o f each n u cleu s, so lv in g  the a sso c ia ted  Poisson  equation for  the p o te n t ia l ,  |; 
and determ ining energy l e v e l s ,  wave functions and occupation numbers, i t  was 4  
found for the few comparison c a lc u la t io n s  performed that the op acity  would 
be in creased  to a value two or three tim es the Cox v a lu es .
In ad d ition  to these u n cer ta in tie s  in  the ra d ia tiv e  op acity  ca lcu la tio n s ,;!  
the assumptions o f the standard Marshak-type th eo r ie s  o f  thermal conduction  
have been shown to be inadequate in  some cases. In p a r tic u la r , the 
importance o f  e le c tr o n -e le c tr o n  c o l l is io n s  was demonstrated by S p itzer  and 
Harm (1953) for  nondegenerate co n d itio n s , and by Lampe (1968) in  degenerate 
con d itio n s. Consequently Hubbard and Lampe (1968) have presented  ta b le s  
o f  the conductive op acity  for  a number o f  chemical com positions, w ith  
s ig n if ic a n t  in crea ses  even fo r  r e la t iv e ly  high e lec tro n  degeneracy.
These m od ifica tion s to s t e l l a r  op acity  theory have been combined in  a 
s e t  o f op acity  ta b les  fo r  28 s t e l l a r  com positions computed by Carson.
Hydrogen and Helium are trea ted  'e x a c t ly ' ,  w hile  for  heav ier  elem ents,
the g en era lised  Thomas—Fermi model, supplemented by experim ental io n is a t io n
If'  Tf" . ! -T: ' ' 5
e n erg ie s , i s  used. At low tem peratures, a l l  n egative  ions and the formation
Ao f  sev era l m olecules are considered in  the io n is a t io n  equ ilibrium , w h ile  |
absorption by n ega tive  ions and R ayleigh s c a tte r in g  by a l l  n eu tra l atoms and |  
m olecules and by He"^  i s  included . The conductive o p acity  i s  c a lc u la te d  by 4  
means o f  the Hubbard and Lampe (1968) code.
The op acity  ta b le s  are presen ted  in  Appendix A. 2 in  the form lo g  \ \ , I
4( lo g  T, log  p ) fo r  up to 410 grid  p o in ts  in  temperature and d en sity  and for  
the 28 chemical m ixtures given in  ta b le s  3 ,1 and 3 .2  r e s p e c t iv e ly . The 
r e la t iv e  abundances o f  heavy elem ents (ta b le  3 .3 ) were taken from Cameron 
(1973) and represent an in crease  in  the CNO component o f  the heavy element 4 :
con trib u tion  over the Cox -  Stewart (1969) o p a c it ie s .
The v a l id i ty  o f  some op acity  p o in ts i s  doubtful in  regions o f  the (T,  ^ '"4
plane where the conduction code i s  in v a lid  ( i . e .  the high d en sity  p o in ts ) .  
However these should not lead  to d i f f i c u l t i e s  as they l i e  w e ll o u tsid e  the %
range o f  (T, p ) va lues normally encountered in  c a lc u la t io n s  o f  s t e l l a r  I
stru ctu re  except in  condensed o b jec ts  such as w hite dwarfs. One p o s s ib le  A'I
temporary so lu t io n  may be to s e t  h = 0 0 , where th is  would be reasonable. 4
I t  w i l l  be ev ident from tab le  3.2 th a t population  I I  com positions are n ot 4
w e ll represented by the op a city  ta b le s ,  in  which Z < £^ 0.00 , 0 .0 1 , 0 ,0 2 , 0 .0 4  | 
for  Hydrogen m ixtures. While making the comment that th is  i s  one area  
in  which fu rth er op a city  c a lc u la t io n s  would be d e s ir a b le , we have considered  ;|
i t  worthwhile to make s tu d ie s  for  Z < 0 .01  by in te r p o la t in g  in  the e x is t in g
data. F ortunately an o p acity  ta b le  does e x is t  fo r  one population  IX 4
;Ccom position (X -  0 .7 4 5 , Z = 0 .0 0 5 ) ,  so we are able to compare an in terp o la ted  4
op acity  tab le  w ith  the ca lc u la te d  ta b le . O p acities fo r  d e n s it ie s  |
lo g   ^E  ^ -1 0 , - 8 , , 6  ^ are compared in  fig u re  3 .1 . For temperatures and
d e n s it ie s  occurring in  s t e l l a r  models constructed  in  the p resen t study the
d iffere n c e  between the o p a c it ie s  obtained  d ir e c t ly  and by in te r p o la t io n  is 
always le s s  than 25%, and u su a lly  le s s  than <^ 5%. Models o f  a s t e l l a r  
envelope for  a horizontal-branch  s ta r  ca lcu la ted  w ith  the two s e t s  o f  
o p a c it ie s  (A, B ridger, 1982: p r iv a te  communication) show sm all d iffere n c es
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Table j .2 Naming conventions f o r  the Carson opaci ty  t ab le s  and
■f
the chemical mixtures fo r  which they are a v a i l a b l e .  |4I
Z 0.00 0.01 0.02 0 .04
X a 1.00 -  Z Y Z 0.00 C400 C401 C402 C404
X 0.75 -  z Y = 0.25 C310 C311 C312 C314
X ( 1 . 0 - Z ) / 2 Y ( 1 . 0 - 2 ) / 2 C220 C221 C222 C224
X 0 .25 Y 0.75 -  Z C130 C131 C132 C134
X 0.00 y 1.00 -  Z C040 C041 C042 C044
table  3 .3
R e l a t iv e  abundances of  elements w i th in  the heavy element component, 
taken from the compi lat ion  of Cameron (19 73 ) ,  consider ing  
the twelve most abundant elements :
Element Zi Al Ni XI
C 6 12.011110 0.26778311 0.19268399
N 7 14.006710 0.08246749 0.06919456
0 8 15.999380 0.48554122 0.46538115
Ne 10 20.211746 0.07991287 0.09433919
Na 11 22.98977? 0.00135804 0,00187037
Mg 12 24.310013 0.02401470 0.03497370
Al 13 26.981537 0.00192389 0.00310976
Si 14 28.085617 0.02274267 0.03826527
S 16 32.064316 0.01149943 0.02206988
Ar 18 36.283112 0.00271767 0.00590718
Ca 20 40.077179 0.00167930 0.00403186
Fe 26 55.848541 0.02037624 0.06817431
X = 0 .0  Z C O  J
Y = . 0 . 0  C = 0 = 1 .0  6004 8004
Y = 0 .25  C = 0 = 0 .75  6013 8013
Y * 0 .50  C = 0 = 0 .50  6022 8022
Y = 0 .75  C = 0 = 0 .25  6031 8031 A
■_ ». ,.ie ,p-J- Zy . r .  ; -T-4 ,v y;-;. : a-
53^
h / e n  d e n s i t i e s
0-J
Figure 3,1 A comparison o f  the Carson o p a c it ie s  for  a com position
X = 0 ,7 4 5 , Z = 0 .0 0 5 , 1) obtained by lin e a r  in te r p o la t io n  
(dashed l in e s )  between op acity  ta b les  fo r  Z ~ 0 and Z -  0 .0 1 , azid 
2) c a lc u la te d  d ir e c t ly  ( s o l id  l i n e s ) .  O pacities are p lo tte d  
along l in e s  o f  constant den sity  (lo g  f ) as la b e lle d .
in  the s t e l la r  atmosphere s tru c tu re . More s ig n if ic a n t  d iffere n c es  
occur for  log  T > 5 where the in terp o la ted  op acity  i s  lower by approxim ately -J 
5% than the ca lcu la ted  o p a c ity . By the time a p o in t one ten th  o f the I
s t e l l a r  radius from the s t e l l a r  centre i s  reached, the in terp o la ted  opacities- 
have led  to temperatures and pressures lower by 7% and 30% r e sp e c tiv e ly  
than found w ith  the ca lcu la ted  o p a c ity . S ig n if ic a n t  op acity  d iffe r e n c e s  are I 
encountered in  the CNO io n is a t io n  region  around log  T « 6 which g ive  r is e  
to th is  r e s u lt .  We th erefore  adopt caution  w ith resp ec t to the in terp reta tion  
o f  our r e su lts  for population  I I  m ixtures. i
A number o f procedures o f  varying com plexity and accuracy are a v a ila b le  % 
fo r  in te r p o la t in g  amongst tabu lated  data. For the current problem, the j
s im p lest o f  these i s  a m ulti-d im ensional lin e a r  in te r p o la t io n  in  the e x is t in g ^  
ta b le s . One improvement i s  to introduce a h igher order in te r p o la t io n  or |
some form o f  sp lin e  fu n ction . Rood (1971) a s se sse s  the r e la t iv e  accuracy
o f  d if fe r e n t  in te r p o la t io n  methods in  o p acity  ta b le s , and concludes that 
d iffere n c es  o f  up to 2 0 % between a lin e a r  method and a fou r-p o in t Lagrangian y 
method can occur. S tothers (1974a) fin d s the e f f e c t s  o f d if fe r e n t  in t e r -  
p o la tio n  methods on c a lc u la t io n s  o f  homogeneous s t e l l a r  stru ctu re  to be j
comparable to the e f f e c t  o f  changing from Cox and Stewart to Carson o p a c it ie  
Other authors ( e .g .  H ejlesen , 1980) have used a b icu b ic  sp lin e  procedure to 
create  new ta b les  w ith  an in creased  d en sity  o f  grid  p o in ts  
( e .g .  w ith  A  log  ^ « 0 , 3 ) ,  and have then adopted a lin e a r  in te r p o la t io n  
in  these new ta b les  during s t e l l a r  stru ctu re c a lc u la t io n s . We have adopted 
a lin e a r  in te r p o la t io n  in  ( lo g  T, log  p , X; ) (where X rep resents the 
abundance o f  chem ical elem ent i ) .  I f  more time had been a v a ila b le , a 4
b e tte r  s tra teg y  should p o ss ib ly  have been chosen -  su ggestin g  a p o ss ib le  |
ex ten sion  o f the current work, 'I
The in te r p o la t io n  s tra teg y  operates as fo llo w s ,
(1) We designate the hydrogen/helium /m etals m ixtures as (H, He, Z) -
and the helium /carbon/oxygen m ixtures as (He, C, 0 ) ,  The (H, He, Z)
k 
km ixtures are arranged in  order o f  1 ) in crea sin g  helium  abundance (Y^ ) and
2) in crea sin g  metal abundance (Z j. ) .  Given log  T, lo g  p and Xi, i  = 1 , J,, 
we ob ta in  Y and Z. I f  e ith e r  the hydrogen abundance (X) i s  greater than 0
or Z< 0 .05  then we choose four (H, He, Z) ta b les  for  which Y^J*< Y ^
and Z^<Z < Z ^ ,, . For each ta b le  \ ( Y ^  , Z^), (Y ^ , , Z^), (Y^'’ , Z^ ^^  ) =
, Z^ i^ ) j  we ob ta in  the o p acity  log  by lin e a r  in te r p o la t io n  in
log  T and log  o . We then ob ta in  log  H (H, He, Z) by lin e a r  in te r p o la t io n  
in  Y and Z between these four op acity  v a lu es .
(2) The (He, C, 0) ta b le s  are arranged in  order o f  1) in crea sin g  
helium  abundance (Y^) and 2) in crea sin g  atomic number. I f  both X = 0 
and Z > 0 .0 5  then we assume that the metal component i s  m ostly a mixture o f  
carbon and oxygen. By assuming sep ara te ly  th a t the metal component i s  
purely carbon or oxygen we ob tain  two v a lu es , log  , lo g  , by lin e a r  
in te r p o la t io n  1) in  log  T and lo g  o in  four op acity  ta b les  (Y^, Z = C),
(Y%^  , Z =* C), (Y^, Z = 0 ) ,  (Y^ ,^ j , Z = 0) and 2) in  Y between each p a ir  o f  
op acity  v a lu es . The required op acity  i s  then obtained  by lin e a r  
in te r p o la t io n  between log  and log  from the r e la t iv e  abundances of
C and 0.
(3) The above two procedures have a d isc o n tin u ity  a t a p o in t X = 0 ,
Z = 0 .05  ( I f  X > 0 , then Z i s  assumed not to exceed 0 .0 4 ) .  Therefore i f
Z < 0 ,0 5  and X -  0 we fo llo w  both procedures to ob ta in  lo g  H (H, He, Z) and
log  (He, C, 0 ) . We then in te r p o la te  l in e a r ly  such that
Ig K ("Z =^0 ) % IS ( v-l, -He , 2  )
U  «  I Z 'O O S ; =  K (  lie  , C,
This procedure ensures th a t the o p acity  i s  continuous fo r  a l l  chemical 
m ixtures which we are l ik e ly  to encounter in  th is  study.
An e a r l ie r  version  o f  the procedure n eg lec ted  the d isc o n tin u ity  at 
Z -  0 .0 5 . The e f f e c t  o f changing the assumed con tr ib u tion  o f carbon to
the to ta l  metal abundance from 19% to 93% when Z = 0 .0 3  i s  shown in  fig u re  
3 .2 . The e a r l ie r  versio n  always assumed th at Z^  -  0.19Z when Z 4 0 .0 5 .
The e f f e c t  o f  th is  change on the helium -core in  models o f  h o r iz o n ta l-
branch s ta r s  i s  d iscu ssed  in  the next chapter. M













Figure 3 .2  A comparison o f the in terp o la ted  Carson o p a c it ie s  a t helium -core , 
temperatures and d e n s it ie s  fo r  Y = «0.97, Z « 0 .0 3 , w ith  two metal 
com positions,
1) G = 0.19Z (dashed l i n e s ) ,  where 0 i s  the r e la t iv e  abundance 
by mass o f  Carbon.
2) C " 0 ,028  ( s o l id  l i n e s ) ,  ^
The second rep resen ts a carbon-enriched core im m ediately a fte r  
the h e liu m -fla sh  more c lo se ly  than the former. O pacities are i
p lo tte d  fo r  constant d e n s it ie s  ( lo g  ) as la b e lle d . j
In fig u re  3.1 we showed the Carson op acity  for  com position  
(X -  0 .7 4 5 , Z = 0 .005) as a fu n ction  o f temperature and a t constant d en sity .
As the behaviour o f  the op acity  fo r  lo g  T < 3 .8  a t low d e n s it ie s  i s  not i
regular (the op acity  in crea ses  w ith  decreasing d e n s ity ) , we have rep laced  3 
the Carson op acity  a t low temperatures w ith  the C hristy (1966) op acity  t
formula, which i s  an a n a ly t ic  f i t  to  the Cox and Stewart (1965) op a city  data. | 
This fo llow s Carson, S tothers and Vemury (1981). For lo g  T ^ 3 .8  we use the /ü 
C hristy o p a c ity , for  log  T  ^ 3 .9  we use the Carson op acity  and we in terp o la te^  
between the two for  3 . 8  < log  T < 3 .9 . While th is  i s  not a p a r t ic u la r ly  I 
s a t is fa c to r y  method fo r  ob ta in in g  low temperature o p a c it ie s  i t  has the fS
advantage o f  provid ing a p h y s ic a lly  reasonable approximation u n t il  r e l ia b le  |  
Carson o p a c it ie s  a t low temperatures become a v a ila b le . Models for zero-age j 
main-sequence s ta rs  w ith  a mass o f  approximately 0 , 8  Mq con stru cted  w ith  the|| 
f u l l  Carson o p acity  are underluminous by a considerab le amount
( ).
Several o th er o p a c ity  formulae are given in  the l i t e r a t u r e ,  some o f  |  
which have been u se fu l in  developing the s t e l l a r  stru ctu re  computer .%
programme. In p a r tic u la r  Kramers' laws (SchwarzschiId, 1958; Eddington, 192ë
Ig ive  si#%)le power law exp ression s for  the o p a c ity , w h ile  S te llin g w e r f (1975) 4 
g iv es  an a n a ly t ic  op a city  formula based on the Cox and Tabor (1976) op acity  
data. Although the S te llin g w e r f formula i s  optim ised  fo r  d e n s it ie s  and 
temperatures ty p ic a l o f Cepheid en velop es, errors o f  up to  25% o u tsid e  th is  
region  should only lead  to d iscrep an cies in  the s t e l l a r  models comparable 
w ith  those a r is in g  from the use o f a lin e a r  in te r p o la t io n  procedure.
Further d iscu ssio n  o f  t e s t s  run using the S te llin g w e r f op acity  i s  deferred  |  
to chapter 5. I
Carson and S tothers (1976) summarise the d iffe r e n c e s  between the Carson4  
o p a c it ie s  and the Cox-Stewart (1965) o p a c it ie s  for  hydrogen-rich  m ixtures. |  
Between lo g  T « 3 .8  and 4 .5  the Carson o p a c it ie s  are sm aller than the -g
Cox-Stewart o p a c it ie s ;  the maximum d iffere n c e  occurs in  the domain o f ^
hydrogen io n is a t io n . From lo g  T « 4 .5  to 5 .4  the Carson o p a c it ie s  are :iJ..;:--'.' ■ ■ .i;:i >    ^ \  ^ t.- tv;;, y , ■ A": '
"-TT---- ■ 58'
Î
larger  than the Cox-Stewart o p a c it ie s ,  p a r tic u la r ly  in  the region o f  second  
helium  io n is a t io n . Above log  T = 5 .4  a very large op acity  due to the la s t
stage o f  io n is a t io n  in  the CNO group o f elements i s  found w ith  the Carson
o p a c it ie s ,  p a r tic u la r ly  a t low d e n s it ie s .  By log  Ï  = 6 .5  both s e t s  o f
o p a c it ie s  are c lo se  to the e le c tr o n -sc a tte r in g  l im it .
We have coirpared the Carson o p a c it ie s  w ith  the Cox-Stewart (1969) 
o p a c it ie s  for  hydrogen poor m ixtures at temperatures and d e n s it ie s  ty p ic a l  
o f horizontal-branch  s ta r  helium -rich  cores. The r e s u lt s  are i l lu s t r a t e d  
in  fig u re  3 .3  where log  h i s  p lo tte d  as a function  o f lo g  T for  d e n s it ie s  
log  pG  ^ 0 , 2, 4 ] . In general the Carson o p a c it ie s  are s l ig h t ly  la rg er  
than the Cox-Stewart o p a c it ie s  fo r  6 < lo g  T 7 and sm aller for  
7 ^  log  T <. 8 .2 ,  a f t e r  which both reach the e le c tr o n -s c a tte r in g  l im it .
Note that the Carson o p acity  takes account o f  the conductive o p a c ity .
For Helium poor m ixtures the Carson o p a c it ie s  are very much sm aller than the 
Cox-Stewart o p a c it ie s  for  lo g   ^ =? 0 .
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3 .3  SUBATOMIC PROCESSES |
One o f  the most s ig n if ic a n t  sta g es  in  the development o f  the theory o f  if
s t e l l a r  stru ctu re  was the d iscovery  that the s t e l l a r  energy source must be iJ
lin k ed  to nuclear rea c tio n s  in  the s t e l l a r  in te r io r .  Eddington (1926) f
traces the ea r ly  development o f  the theory for  the conversion o f  4 hydrogen |
n u c le i in to  1 helium  nucleus w ith  the mass excess being converted to i t s  
eq u iva len t energy. With su c c e ss iv e  advances in  both th e o r e t ic a l and 
experim ental nuclear p h y s ic s , networks o f  nuclear rea c tio n s  w ith  rea c tio n  1
r a te s , r , and energy r e le a se  Q, have been e s ta b lish e d  for  various sta g es  o f |
ev o lu tio n . Reviews are given by Burbridge, Burbridge, Fowler and Hoyle (1958) 
Reeves (1965), Fowler, Caughlan and Zimmerman (1967) (FCZI), Cox and G iu li îs
(1968) and Fowler, Caughlan and Zimmerman (1975) (FCZII) for  thermonuclear |
r e a c tio n s , and by Cox and G iu li (1968) and Beaudet, P etrosian  and S a lp èter  %
(1967) fo r  neutrino p rocesses (amongst o th e r s ) . In th is  s e c t io n  we |
d escribe our treatm ent o f  n u clear r e a c t io n s , n u c leo sy n th es is  and neutrino |
p ro cesses .
THERMONUCLEAR REACTIONS -j
For a gas composed o f  two types o f  p a r t ic le s ,  1 and 2, the number o f |
rea c tio n s  per second per u n it volume may be w r itten  ■
1,2 =  N ( v ) [ v c r ( v ) ]  c I v  j
where v i s  the r e la t iv e  v e lo c ity  between the two p a r t ic l e s ,  i s  the
n uclear c r o s s -s e c t io n  fo r  the rea c tio n  and N(v) i s  the number o f  p a irs  o f  
p a r t ic le s  w ith  v e lo c ity  v. In most cases a Maxwellian v e lo c ity  
d is tr ib u t io n  a p p lie s . I f  N, , N^ are the number d e n s it ie s  o f  p a r t ic le s  
1  and 2 , we can introduce the q u antity  <<rv'> , the rea c tio n  p r o b a b ility  
per u n it p a ir  1 , 2  in  a u n it volume per u n it tim e,
< crv> ^  = r,^ /  N, N ,  (3-72)
HenCe we ob ta in  a number o f  u se fu l q u a n t it ie s ,  and in  p a r tic u la r
y- =  Ml N i (3 -73)
e
ui
i s  the rea c tio n  ra te  per u n it mass for reaction s o f p a r t ic le s  o f  type 1
and 2, where i s  the Kronecker d e lta  fu n ction . Where these p a r t ic le s  f
are atomic n u c le i or p roton s, th is  rea c tio n  rate has to be m odified  for  IIe le c tr o n  screen in g . S a lp eter  (1954) shows th at the e f f e c t iv e  in crea se  in  r ÿ
may be described  in  terms o f  a n ega tive  p o te n t ia l energy tCo
(
I f  Q i s  the energy re lea sed  per r ea c tio n , then the to ta l  energy generation^»T-
rate i s
£ . 2  =  V  Q .a  (3-75)
and the rate o f  change o f  r e la t iv e  abundance Xj o f  atomic sp ec ie s  1 i s
à-t
given by J
-  “ 0  A, / N o  (3-76)
10.
where i s  Avogadro’ s number and A^  i s  the atomic w eight o f  sp e c ie s  1. |
I f  one o f  the products o f the rea c tio n  i s  a n eu tr in o , then a proportion  o f  
the energy Q w i l l  be lo s t .
R eaction ra tes  and the energy re lea sed  per rea c tio n  e x c lu s iv e  o f  
neutrino en erg ies for  hydrogen and helium  burning p rocesses are taken from 
Fowler, Caughlan and Zimmerman (1975). E lectron  screen ing  fa c to rs  are 
taken from Reeves (1965). R eaction r a te s ,  e tc .  are given  in  ta b le  3 .4 . 
Follow ing Sweigart and Gross (1974), we determine the abundance o f  
in  the CNO c y c le  a fte r  Reeves (1965) and Caughlan and Fowler (1962) by 
s e t t in g  the n itrogen  abundance X,^ « X^  ^ + X^  ^ + X^  ^ for  log  T > 7.235  
and X » X,^ + X^  ^ for  log  T<'7,195. In between th ese  temperatures 
X|^ i s  assign ed  a lin e a r  dependence on lo g  T.
We have assumed th a t a l l  iso to p es  taking part in  the thermonuclear 
rea c tio n  networks reach th e ir  eq u ilib riu m  abundances in sta n ta n eo u sly .
This approximation i s  v a lid  only when the evo lu tionary  tim es ca le  o f  a sta r  
i s  long coKqpared to the rea c tio n  time o f  the s low est rea c tio n  in  a network.
For rap id ly  evo lv in g  s ta r s  th is  i s  not the case . For most s t e l l a r  models 
considered  the former s itu a t io n  h o ld s . The assumption a lso  allow s us to
wake some deductions about rapid phases o f ev o lu tio n .
NEUTRINO PROCESSES
In considering fu rth er  energy lo s s e s  due to neutrino in te r a c t io n s , g
we have included  con trib u tion s from p h oto-n eu trin o , p a ir  neutrino and plasma 
neutrino p rocesses v ia  the a n a ly t ic  in te r p o la t io n  formula o f Beaudet,
P etrosian  and S a lp eter  (1967) which we reproduce here. D efin ing the energy ÿ
lo s s  per u n it mass in  terms o f  the energy lo s s  per u n it volume #
e  =  Q . /Ç  , <3-” )
exp ressin g  temperature in  r e l a t i v i s t i c  u n its
= - k C  =   ! = (3 -78)
WIC  ^ £-.93O 2 v; 1 0 ”
we a lso  d efin e I
■6 , =  lO   ^ IX ' (3 -79) -■
^  (3-80)
The approximation to Q i s  then given  as
Q  •= C ç  / O e )  I p l  -3 ( f / o e . )  ^  -fpl, + ^ Q ) e ^  (3-81)
a O ) -  r & l'S  (3 -82)
where and "fp^ v, i  D ; ^ )  w ith  d if fe r e n t  c o e f f ic ie n t s  fo r
plasm a, photo and p a ir  neutrino ra tes  r e s p e c t iv e ly . These c o e f f ic ie n t s
are given  in  ta b le  3 .5 .
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3 .4  THE TEMPERATURE GRADIENT
Y- 7  / '^l/TTXThe c a lc u la t io n  o f the s t e l l a r  temperature grad ient W \ = i -r-r—^  )è u \r  /
depends on the method and e f f ic ie n c y  o f  the energy transport p rocesses
'1p resen t in  the s t e l l a r  m a ter ia l. Radiation and conduction carry the energy |  
f lu x  i f  s t a b i l i t y  a g a in st convection  i s  achieved. I f  n o t, the e f f ic ie n c y  
w ith  which convection  c a rr ie s  some or a l l  o f  the f lu x  must be determined. 'f
Further d iscu ssio n  may be found, e .g .  in  Cox and G iu li (1968).
The r a d ia tiv e  grad ient i s  that which would e x i s t  i f  a l l  energy i s  
transported  by ra d ia tio n  (and/or conduction) a t a given p o in t , and i s  given
^  (3-83)\ C>'T’- a c  Alyl ^
I f  a l l  energy i s  transported  w holly by the a d ia b a tic  motion o f  m a te r ia l,#
then the a d ia b a tic  gra d ien t, , which has already been determined from
the equation o f s ta te  (3-29) a p p lie s , whence
V  =  (3-84) ;
Schwarzs ch iId  (1906) poin ted  out th at for  the s t e l l a r  m ateria l to be in  
ra d ia tiv e  eq u ilib riu m , assuming uniform chemical com position and
1instantaneous chem ical eq u ilib riu m , the con d ition  for dynartical s ta b i l i ty ,
^  -■ . (3 -83) 4
must be s a t i s f i e d .  I f  the chem ical com position i s  non-uniform , S ak ash ita ,
Ono and Hayashi (1959) showed that th is  cond ition  becomes
Various authors have in v e s t ig a te d  s t e l l a r  ev o lu tio n  using th is  c r i t e r io n ,  
but for  th is  in v e s t ig a t io n  the Schwarzschild c r ite r io n  has been adopted 
throughout.
I f  the s t a b i l i t y  c r i t e r io n  i s  not s a t i s f i e d ,  convection  w i l l  account 
for  some or a l l  energy tran sp ort. For convective regions in  the deep 
s t e l l a r  in t e r io r ,  the actu a l temperature grad ient w i l l  be n e g lig ib ly  steep er  f  
than the ad ia b a tic  gra d ien t, thus
V  = \ / A  !
i see footnote  on p. 48
. ' - ' 6i
In the outer layers o f  the envelope:, th is  approximation f a i l s  and a b e tte r  
UK)del o f  the com plicated ensemble o f  moving elem ents i s  required. One such 
model, a lb e i t  a very s in g le  one, i s  the lo c a l "m ixing-length" theory o f  
Bbhm-Vitense (V iten se , 1953; Bohm-Vitense, 1958), The b a s ic  treatm ent 
adopted i s  described  below .
The m ixing len g th , A  , whose p h y sica l in terp ra tio n  i s . t h e  mean d istan ce  4  
tr a v e lle d  by a moving elem ent in  the con vective  reg io n , i s  defined  as some 
number o f pressure s c a le  h eigh ts  (3 -8 8 )^
A  ~ tip. U p  g
where tp i s  one major u n certa in ty  o f  the theory, and the pressure sc a le  
h eig h t i s
IP (3-89)
V~ .
The temperature grad ien t i s  then obtained by ch a ra cter is in g  the con vective  ï 
e f f ic ie n c y  by a parameter ^  such th a t ;
V  =  i \ -  . (3 -w {
The e f f ic ie n c y  ^  i s  the s in g le  r e a l root (0 1) o f  the cubic equation  <
+ "g + q . 3""$; -  «o =  O  (3-91)1
where "g, =  K  A V « - »  )  C '4 - "  V*ct )  I ' (3 -9 2 ) |
Ctq i s  a constant depending on the v ersion  o f  the theory adopted, we use I
® ^  fo llo w in g  Cox and G iu li (1968). The diroensionless q u antity  A i
rep resen ts the r a t io  o f  'c o n v e c tiv e ' to 'r a d ia t iv e ' c o n d u c t iv it ie s ,  and J
contains the "miacing-length" / \  .
Equation (3-90) i s  so lv ed  a n a ly t ic a l ly ,  except in  the case B «  1 
where an i t e r a t iv e  so lu t io n  i s  used to ob ta in
^  =  ( a 3 ^ ) "  I  1 -  S B C a /B " - ) -  1 2 -  (3-95|
This v ersio n  o f  the m ix ing-len gth  theory assumes h y d ro sta tic  «
eq u ilib riu m  and the absence o f  energy sources in  the con vective region* s|
I t  n e g le c ts  turbu len t p ressu re , which i s  a reasonable approximation i f  the |
con vective v e lo c i t ie s  are not superson ic.
The major u n certa in ty  in  the "m ixing-length" theory , as already
in d ica te d , i s  the va lu e fo r  , the mixing-^length over the pressure sc a le  
h e ig h t. In most o f  our ca lc u la tio n s  we have made an arb itrary  choice for  
w ith
) O  ^  Ip  ^  Z.*0 ÿj
A lte r n a t iv e ly , models o f  con vective  envelopes using two-dim ensional
$
hydrodynamic c a lc u la t io n s  may be used to ob ta in  a b e t te r  estim ate for  the 
lo c a l value o f  the m ix ing-len gth  (e .g .  Deupree and Varner, 1980), This 
so r t  o f treatm ent i s  im p ractica l fo r  s t e l l a r  ev o lu tio n  c a lc u la t io n s , but an d
a n a ly t ic  f i t  to the r e s u lt s  o f  s im ila r  c a lcu la tio n s  may be a u se fu l to o l  
in  re so lv in g  th is  u n certa in ty . For some models we have combined Deupree and g 
Varner's f i t  w ith  Deupree’ s (1979) m od ifica tion  to the lo c a l m ix ing-len gth  
theory. They f in d , to good agreement, that
Log(A/Hp) -  - 2 - 8 5 ( i ; - 0 - 7 )  + 0 .^  ( t; < 0 -7 4 6 )  j
=  ( o - 7 4 6 < - 4 < | )  (3 -94)
where T ^ » T/10^ K, and where the second form i s  ap p lied  for  T^ ,^ 1 u n t il
A/Hp reaches a given value ( e .g .  1 .5 )  which i s  used fo r  a l l  h igher #
.ÿ'tem peratures. The m od ifica tio n  suggested  by Deupree (1979) a llow s fo r  the  
d iffere n c e  between the h o r iz o n ta lly  averaged op acity  and the op acity  o f  g
the h o r iz o n ta lly  averaged temperature which can be con sid erab le near the 
su rface o f  stars*  Assuming a h o r izo n ta l temperature v a r ia tio n  (A^e».^)»
Deupree con stru cts the e f f e c t iv e  op acity
\ ^  "f"   (  I -  "f ___
2 4  "  (3 -95) I
where denotes th,e w eigh tin g  fr a c tio n  for upward and downward moving 
elem ents. We choose the s im p lest value i^ recomputed for  the
e f f e c t iv e  op acity  and the con vective  f lu x  fr a c t io n  ^ i s  found as b efore  
from equation (3 -9 0 ). The m ix ing-len gth  h o r izo n ta l temperature v a r ia tio n  i |
(Cox and G iu li, 1968) i s  then given  by




where Fc7 F i s  the fr a c t io n a l con vective f lu x
V .  - V d .R . F
(3-97)
V .
This procedure i s  ite r a te d  u n t il  A T  ^ = A  .
The main e f f e c t  th a t th is  m od ifica tion  has on the standard  
m ixing-length  theory i s  to reduce the a ctu a l grad ient ^  in  the hydrogen 
io n is a t io n  zone.
1  Secular  ( i e  the rmal )  convect ive s t a b i l i t y  is discussed by 
Unno, Osaki ,  Ando, and Shibahashi ,  1979;
Nonradia l  O s c i l l a t i o n s  of S t a r s ,  Tokyo U n iv e r s i ty  Press,  p . 189
'I
I
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34 STUDIES OF HORIZONTAL BRANCH STARS %I4.x AN INTRODUCTION TO THE THEORETICAL STATUS OF HORIZONTAL BRANCH STARS. I
AThe general fea tu res  o f  s t e l l a r  ev o lu tio n  through the h o r izo n ta l branch |
(HB) phase have been w e ll e s ta b lish e d  for some years (Iben and Rood, 1970b ; >,t
h erea fter  IR70). Stars on the h o r izo n ta l branch o f  the HR diagrams for 3
4globular c lu s te r s  are burning helium  by the tr ip le -a lp h a  (3(X ) process in  
a convective region  a t the cen tre o f  a helium /m etal core , and hydrogen by the A
CN and p-p p rocesses in  a th in  s h e l l  a t  the base o f  a hydrogen-rich )
envelope. Their in te r n a l stru ctu re  i s  determined by f iv e  param eters;
1) the to ta l  mass M; 2) the mass o f  the helium -core, ;
3) the i n i t i a l  helium  abundance. Ye; 4) the i n i t i a l  m t a l  abundance, Ze; 2
5) the age o f  the s ta r ,  t .  In p r a c tic e  a l l  f iv e  are not independent s in c e ,'  
fo r  rea l c lu s te r  s t a r s ,  the core mass depends alm ost e n t ir e ly  on the 
i n i t i a l  chem ical com position , w h ile  the to ta l  mass M depends on i n i t i a l  
com position and on age.
Early c a lc u la t io n s  o f  the zero-age lo c a tio n  and evo lu tionary  track  i
topology o f  h o r izo n ta l branch s ta r s  were carried  out by Faulkner (1966),
.
Faulkner and Iben (1966), Iben and Faulkner (1968), Rood and Iben (1968) ;
and C a ste lla n i, Giannone and Renzini (1969), which succeeded in  d escr ib in g  
the dependence o f  th ese  fea tu res  on the i n i t i a l  core mass, to ta l  s t e l l a r  
mass, and chem ical abundances in  the envelope. Iben (1971) summarises 
these r e s u lts  q u a lita t iv e ly :  j
1) Given Mg, , h o r izo n ta l branch l i fe t im e  i s  approxim ately independent 3
. @o f  to ta l  mass and envelope com position . However track shape i s  very s e n s it iv e  
to com position param eters.
2) For every value o f  7  ^ there e x is t s  a c r i t i c a l  helium  abundance Yjy 
such th at i f  Yg, < Y^ y , ev o lu tio n  during cen tra l helium  burning i s  from 
blue to red, whereas i f  Ye. > Y^p , ev o lu tio n  i s  a t  f i r s t  from blue to red , 
then to  b lu e , and f in a l ly  back to red. However i f  M i s  sm all enough, the  
f i r s t  case always a p p lie s . For a given core mass and envelope com position ,
  __ _ . .. „ . n . . . .         ...... % . ... '     . . .. . J
the mass d iv id in g  the prim arily  redward and blueward ev o lu tio n  i s  known as 
the ' b ifu r c a tio n  ’ mass. The d iffere n c e  in  primary d ir e c t io n  o f  ev o lu tio n  
i s  r e la te d  to the r e la t iv e  stren gth  o f  the H-burning s h e l l  to the He-burning 
core . The sm aller th is  r a t io  becomes, the greater the tendency for  
ev o lu tio n  from blue to red.
3) For models o f the same to ta l  mass, core mass, and Ye , the lower Z e i s ,  
the b lu er i s  the average colour o f  the model, Iben and Rood (1970) d escrib e  
the ev o lu tio n  o f  the in te r io r  and su rface p ro p erties  o f a h o r izo n ta l branch 
s ta r  w ith  M = 0 ,625  M0  , M » 0 ,475  , Ye = 0 . 3  and Ze « 0 .001 .
Helium burning i s  concentrated  in  a sm all region  a t the centre o f a 
con vective core conta in ing  0 .11  M© . During ev o lu tio n  the con vective  
region  grows slow ly  in  mass u n t i l  helium  i s  n early  exhausted. As He i s  
converted in to  carbon and thence in to  oxygen, the m olecular w eight o f  the 
e n t ir e  con vective  region  r is e s  uniform ly. Central and s h e l l  temperatures 
r is e  to m aintain p ressure ba lance, thus in crea sin g  the core lum inosity  
In a d d itio n , the hydrogen burning s h e l l  continues to add mass to the core.
In  Iben and Rood's model, as L in c r e a se s , the outer regions o f  the  
helium -core expand. The temperature a t  the base o f  thè hydrogen-she11 
consequently drops, so th at the decrease in  the s h e l l  lum inosity  1»^  
alm ost ex a c tly  compensates fo r  the in crea se  in  , The in crease  in
m olecular w eight w ith in  the H-burning s h e l l  means th a t the s h e l l  d e n s it ie s  
r i s e ,  the e n t ir e  region  between the base o f the H-burning s h e l l  and the 
s t e l l a r  su rface c o n tr a c ts , and the s ta r  evolves to the b lu e . For models 
w ith  weak H-shelX sources ( i , e ,  for  L /L > 0 .5 5 ) the s h e l l  d en sity  
in crea se  i s  not' rapid  enough to o f f s e t  the core-induced expansion and 
ev o lu tio n  i s  continuously  to the red u n t il  helium  is  exhausted a t the ce n tr e ,
Iben and Rood fin d  that when the cen tra l helium  abundance Yc drops to 
about 0 .3 ,  an in crease  in  core temperature alone i s  not s u f f ic ie n t  to 
m aintain a f lu x  b a lan ce, hence core d e n s it ie s  must in cr ea se . Consequently 
the helium  core c o n tr a c ts , the hydrogen-burning s h e l l  moves inwards and the 
envelope expands. The s ta r  evo lves to the red in  the H-R diagram and
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and b r ig h ten s. At th is  s ta g e , both L  ^ and L are in crea sin g .
As ev o lu tio n  co n tin u es, the cen tra l helium abundance ev en tu a lly  becomes
so sm all th at 1  begins to drop, although core tem peratures and d e n s it ie s
continue to r i s e .  However the decrease in  Ly.j^  i s  now more than o f f s e t  by
the in crea se  in  L ^ , and the model continues to move upwards and to the
red in  the H.R. diagram.
Iben and Rood go on to examine s t e l l a r  ev o lu tio n  as the region  o f
maximum energy production by helium  burning s h i f t s  from near the centre to
a s h e l l .  This phase and subsequent ev o lu tio n  i s  thought to be r e la te d  to
s ta rs  on the Asymptotic Giant Branch, w ith  which th is  study i s  not concerned.
In c a lc u la t in g  an e x ten s iv e  gr id  o f  models fo r  zero-age and evolved  HB
s t a r s .  Rood (1970) and IR70 adopted the Cox and Stewart (1969) o p a c it ie s .
Other fea tu res  o f  the input p h ysics  are described  in  Iben and Rood (1970a),
In p a r tic u la r  they adopt = 0*5 th e ir  v ers io n  o f  the m ixing-
len gth  treatm ent o f  con vection , m e ta l l ic i ty  abundances o f  C î N : 0 = »  3:1:9
rand "ZcMo** and = 0 ,078  fo r  the reduced p a r t ic le  w idth c o n tr o llin g
the rea c tio n .
U n certa in ties  in  the d is tr ib u t io n  o f  heavy elem ents throughout the s ta r  
are emphasized as being due to u n cer ta in tie s  in  the amount o f produced
during the core-helium  f la s h  and to the amount o f  m ixing o f  the enriched
m ateria l im m ediately a f te r  the f la s h . Iben and Rood's assumption th a t %
i s  constant throughout the s ta r  requ ires th at no m ixing between core-m ateria l 1 
and the hydrogen-rich envelope takes p lace during or a f te r  the h e liu m -fla sh . J
Evolutionary tracks were ca lcu la ted  for  parameters 
Ze  ^ loT^, lo'^ ; Ye « 0 . 1 ,  0 , 2 ,  0 . 3  ; 0 .4 5  < K^7m^ ^ 0 .6  ; 0 .5  < <0.9»
For a s ta r  w ith  Ye « 0 . 3 ,  Ze “ 10  ^ -  0 ,475  and « 0 .625  Mg, ,
whose evo lu tionary  track contains a blueward loop through the in s t a b i l i t y  
s t r ip ,  some p ro p ertie s  are g iven  in  tab le  4, 6 .
Newell (1970) estim ated  the w idth in  e f f e c t iv e  temperature ( T c ^  )
fo r  h o r izo n ta l branches in  sev era l g lobular c lu s te r s .  These estim a tes  lead  
to the requirement th a t s t e l l a r  s tru ctu re  theory must be ab le to account for
J.
^ . s y/.,
.2
h o rizo n ta l branch widths o f  up to 0 .3  in  lo g  . IR70 fin d  a l l  s in g le
evo lutionary  tracks are short compared to the required w idth in  lo g  Te{|- 
and conclude th at a v a r ia tio n  o f  one or more parameters occurs w ith in  a 
c lu s te r .
The helium -core mass Me i s  alm ost e n t ir e ly  a fu n ctio n  o f i n i t i a l  
com position (e .g .  E ggleton , 1968). Since h o r izo n ta l branch l i f e t im e  
^ ^ /M c » consider L ettin g  the red -g ian t
li f e t im e  be the time required by a g ia n t branch s ta r  to
ev o lv e  to the red -g ia n t t ip  from a lum inosity  L , and choosing |
■ ' I
the mean lum inosity  o f  a th e o r e t ic a l RR Lyrae v a r ia b le  in  the in s t a b i l i t y  |
s t r ip ,  we can con stru ct as a fu n ction  o f  Ye and Ze. From
ob servation s o f  the numbers o f  s ta r s  on the h o r izo n ta l branch ( N ) and 
on the g ia n t branch w ith  lu m in osity  L ^ L (N ) ,  i t  i s  p o s s ib le  to S
e s ta b lis h  a r e la t io n  between Ye and Ze by s e t t in g  /N 
I f  Ze can be estim ated  from sp ectro sco p ic  data, a value o f  Ye can be obtained  K
fo r  s ta rs  in  a given c lu s te r .
Assuming that the com position v a r ia tio n  w ith in  a c lu s te r  i s  n e g l ig ib le ,  
IR70 used th is  method to estim ate  the com position and i n i t i a l  core masses 
for  sev era l c lu s te r s .  They f in d  th at a v a r ia tio n  in  to ta l  mass o f  
0 . 1  -  0 . 2  M(p along the h o r izo n ta l branch i s  necessary  to account for  the
observed width in  log  in  M3. They continue to d iscu ss the mass
d is tr ib u t io n  N(M) w ith in  the HB , but avoid a r e a l i s t i c  a n a ly s is  owing to 
a lack  o f  o b serva tion a l and th e o r e t ic a l data. They a lso  p o in t out th at  
a de fe a s ib ly  large v a r ia tio n  in  Ze or in  Zc%o w ith in  a c lu s te r  would a lso  
in crea se  the width o f the h o r izo n ta l branch. ^
In concluding th e ir  study o f h o r izo n ta l branch s ta r s  w ith  a c a lib r a t io n  |
Io f  Me (Ye, Ze, M) from red -g ia n t m odels, (Rood, 1972), Rood (1973) had hoped
"to p resen t the f in a l  so lu t io n  to the appearance o f  the h o r izo n ta l branch |I
in  the H-R diagram". However sev era l developments had taken p la ce  during j| 
the course o f  these c a lc u la t io n s  which a ffe c te d  the in te r p r e ta t io n  o f  the H,,> J
I
3
C a ste lla n i, Giannone and Renzini (1971a, b) and Schw arzschild (1970) had |
d iscovered  the in p ortance o f  con vective  overshooting fo llow ed  by sem i- t
convective mixing a t  the ou ter  boundary o f the con vective  core. These
■ I
e f f e c t iv e ly  in crea se  the amount o f  nuclear fu e l a v a ila b le  in  the core , and 3
hence in crease  the HB l i f e t im e .  Sweigart and Demarque (1972) and |
Robertson and Faulkner (1972) assume that overshooting and sem iconvection  4
occur to the maximum p o ss ib le  ex ten t and fin d  th at the convective core s iz e ,  
and hence the HB l i f e t im e ,  i s  doubled. |
D espite the om ission  o f overshooting and sem iconvection  from h is  e a r l ie r  
c a lc u la t io n s , Rood (1973) ob ta in s sy n th e tic  colour-m agnitude diagrams for  HB S
s ta r s .  He fin d s i t  easy to ach ieve a good f i t  to observed c-m diagrams |
and consequently cannot l im it  some o f  the parameters in vo lved . Some 
r e s u lt s  do, however, emerge. D e ta ils  o f  evo lu tionary  tracks have l i t t l e  
e f f e c t  on the appearance o f  the HB . As Ze v a r ies  from c lu s te r  to c lu s t e r ,  
e ith e r  the mean mass lo s s  or the mean helium  abundance must vary. Several 
candidates for the ’ second parameter' emerge and cannot be e lim in ated .
An e f f o r t  to combine evo lu tion ary  theory w ith  p u lsa tio n  theory i s  
u n su ccessfu l -  a r e s u lt  th at Rood considers may be a ttr ib u te d  to the 
s e n s i t iv i t y  o f  the p u lsa tio n  c a lc u la t io n s  to the op acity  used. In the 
temperature range 4 ,0  > log  T g | > 3 .8 4 , the th e o r e t ic a l ( lo g  g , lo g
diagram g iv es  a value d lo g  g /d  lo g  1 « 4 , 4 ,  in  good agreement w ith
observations by Newell (1970). The locus o f  the ( lo g  g , lo g  T ) 
r e la t io n  i s  only s e n s i t iv e  to the helium  abundance, where ^ -0 -3 , )
for
Meanwhile a number o f  o th er workers had been making more d e ta ile d  
s tu d ie s  o f  the evo lu tionary  behaviour o f  H B s ta r s .  Lauterborn, Refsdal 
and S ta b e ll (1972) consider sep a ra te ly  the e f f e c t s  o f  changes in  the He-core 
and in  the H-burning s h e l l ,  confirm ing the e a r l ie r  work o f  other authors. 
Demarque and Mengel (1971) continued evo lu tionary  sequences for red -g ia n t 3
models p ast the helium  f la sh  and obtained  HB models w ith  masses (0 ,5  -  0,65M|f||
lower than p rev io u sly  adopted. The very b lue ( lo g  Tg|V 4 .3 )
'.::Æ
I
evolutionary  tracks obtained correspond w e ll w ith  the h ith er to  unexplained À 
very b ine HB s ta r s  poin ted  out by Newell (1970). Demarque and Mengel (1972) 
extended th e ir  previous work to examine q u a n tita t iv e ly  the e f f e c t s  o f  o p a c ity  3 
changes and the in c lu s io n  o f  seraiconvection on HB ev o lu tio n . The in c lu s io n  i  
o f  seraiconvection leads to (a) longer 'b lu e - lo o p s ' ,  (b) a broader lum inosity  
range and (c) an in crea se  in  by a fa c to r  o f  a t le a s t  1 .6 . By choosing
an a lte r n a t iv e  in te r p o la t io n  scheme. Démarque and Mengel obtained  reduced 1 
free^ free  o p a c it ie s  fo r  C,0 enriched  core m ixtures. Comparing r e s u lt s  o f  HB |  
c a lc u la tio n s  fo r  the two in te r p o la t io n  schemes led  to the conclusion  that an 
in crease  in  core free ^ free  o p a c it ie s  would lead  to the same r e s u lts  as the " I
in c lu s io n  o f  semi con vection . This i s  because both m od ifica tion s lead  to an 3
in crea se  in  the convective-^core s i z e ,  ;1
R efsdal and S ta b e ll (1972) (h erea fter  RS72) extended the study o f  the |
e f f e c t  o f  op acity  changes on h o r iz o n ta l branch m odels. ' The r e s u lt s  o f  sm all Î
Iop a c ity  changes in  r e s tr ic te d  temperature ranges are given  in  tab le  4 .1 .  7
The e f f e c t  o f sm all o p a c ity  changes in  the helium  core on the mass o f  the i
con vective  core M i s  shown in  ta b le  4 ,2 . The main r e s u lt  here i s  th a t I
w h ile  a constant op acity  change throughout the core has l i t t l e  e f f e c t ,  
d if f e r e n t ia l  op acity  changes may modify M^ .^  con sid erab ly .
In order to extend the work o f Iben and Rood (1970b) fo llo w in g  the  
d iscovery  o f  the importance o f  seraiconvection, Sweigart and Gross (1974, 1976 ) 
made an ex ten s iv e  s e t  o f  c a lc u la t io n s  o f HB e v o lu tio n , in c lu d in g  sem iconvection  
fo r  a larger  g r id  o f  va lu es fo r  (M, M^  , Ye, Ze) than h ith er to  used in  any 3 
s in g le  stud y , and based on a referen ce s e t  o f parameters ^
(M -  0 .6 6  M0 , Me « 0 ,475  M@ , Ye « 0 .3 ,  Ze « 0 ,0 0 1 ) .
The e s s e n t ia l  r e s u lt s  o f  th is  in v e s t ig a t io n  are as fo llo w s ,
1) Track morphology in  the HR diagram. For the re feren ce  s e t  
(M Ç, « 0 .4 7 5 , Ze « 0 ,0 0 1 ) the c r i t i c a l  value o f L /L sep aratin g  redward 
and blueward evo lu tionary  groups i s  about 0.55* For sequences in  each 
combination o f  (Me , Ye, Z e), the maximum length  ( A  ) o i  the
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Table 4 .2  Changes in  the con vective  core mass Mcc due to a r t i f i c i a l  op acity  
changes a t  two core temperatures Ty and T  ^ (adapted from
ta b le  3, R efsdal and S ta b e ll , 1972).
Gh, (T, -  7 .92) 8 K^  (Ta -  7 .45) Mcc/Me
0 0 0 . 2 2 2
0 . 1 0 . 1 0 .224
0 . 1 0 0.257
- 0 . 1 0 0.203
0 - 0 . 1 0.251
Table 4 .3  The dependence o f  h o r izo n ta l branch l i f e t im e  on ZAHB parameters 





M/Ma Me /Mo Ye Ze /  1 0  years
0 .475 0 .3 0 . 0 0 1 " 1 0
0 . 6 6 0.425 0 .3 0 . 0 0 1 14 .3
0 . 6 6 0.475 0 . 3 0 . 0 0 1 6 . 0 1
0 .50 0.475 0 .3 0 . 0 0 1 12.9
0 .94 0 .475 0 .3 0 . 0 0 1 9 .6 11
0 . 6 6 0,475 0 . 1 0 . 0 0 1 1 1 . 8 3
0 . 6 6 0.475 0 .4 0 . 0 0 1 8 , 8 i
7 /
decrease in  .
2) H orizontal branch l i f e t im e s .  For the referen ce sequences -  0 .475
6  #  Ye » 0 ,3 ;  Ze = 0 ,0 0 1 ) ,  years in  agreement w ith  previous e stim a tes , «
i s  found to in crease  s ig n if ic a n t ly  w ith  decreasing to ta l  mass, |
p a r t ic u la r ly  in  the range 0 ,5 0  < U/M^< 0 .6 0 , An in crea se  in  i s  a lso
found fo r  a decrease in  Ye or Me . There i s  l i t t l e  dependence on Ze. 4
Examples o f  v a r ia tio n  are given  in  ta b le  4 .3 , The v a r ia tio n  o f bj-yg 3
w ith  Ye and M i s  e a s i ly  understood as in crea sin g  e ith e r  leads to an in crea se  I 
in  s h e l l  lu m in osity . This means th at M^  ^ i s  in crea sin g  mote r a p id ly , and |  
-byjg i s  correspondingly reduced,
3) In te r io r  c h a r a c te r is t ic s .  At zero -age , the con vective core mass M^ o 
depends only on Me . When the cen tra l helium  abundance Y^  drops to 0 ,5  
both Met. and M c^ , the maximum ex ten t in  mass o f  the semi con vective  <
reg io n , in crease  fo r  larg er  values o f  M and Ye, At maximum, - 0
With « 0 ,085  fo r  the reduced M -p a r tic le  w idth in  the O
r e a c tio n , the con vective  core c o n s is ts  o f  roughly equal amounts o f
and '*0 when Ye « 0 ,0 5 .
Further evo lu tionary  s tu d ie s  by Sweigart and Gross (1978) o f  red -g ia n t  
evolutionary  sequences enabled C alo i, C a ste lla n i and Tornambe (1978) to  
con stru ct 'e v o lu tio n a ry ' zero-age HB sequences, where M^  i s  trea ted  as a 
fu n ction  o f  com position o n ly , and the in crease  in  the helium  content (G V e) 
o f  the envelope due to con vective  "dredge-up" during i n i t i a l  red -g ia n t  
ev o lu tio n  i s  taken in to  account. For a given c lu s te r  age (10*® y e a r s ) ,
Mjj  ^ , M  ^ and are in terp o la ted  in  Sweigart and G ross's (1978) r e s u lt s .
Thus ZAHB sequences are con stru cted  as fu n ction s o f  to ta l  mass and 
com position on ly . Two r e s u lts  emerge. 1) In creasin g  Ye in crea ses  the If
lu m in osity  L for red ZAHB s t a r s ,  but decreases L fo r  b lue ZAHB s ta r s .  j
2) No RR Lyrae s ta r s  are allow ed fo r  extrem ely metal poor c lu s te r s  w ith  ages 1
o f 1 0 yea rs. In a d d itio n , i t  i s  c le a r  th at age has a com paratively sm all
e f f e c t  on the s tru ctu re  o f  ZAHB sequences. However i t  must be noted th a t the 
decreasing mass o f the ev o lv in g  g ia n t s ta r s  fo r  o ld er  c lu s te r s  may r e f l e c t
i t s e l f  in  the ZAHB population  through a changing mass d is tr ib u t io n  on the HB * I
jRecent th e o r e t ic a l s tu d ie s  have examined the e f f e c t s  o f m odified  CNO i 
abundances (C a ste lla n i and Tornambe 1977), metal r ich  envelopes (G ingold, 197^ 
r o ta tio n  (C a ste lla n i, Ponte and Tornambe, 1980) and d if fu s io n  (Giannone and
'
R o ss i, 1981) on the stru ctu re  and evo lu tio n  o f  HB s ta r s .  C a ste lla n i and I
7Tornambe (1981) p u b lish  the most recen t th e o r e tic a l attem pt to understand thepj 
O osterhoff dichotomy in  RR Lyrae v a r ia b le s . Kippenhahn (1982) observes th a t ,.2 
the most p ressin g  problems in  the in te r p r e ta tio n  o f  HB sta rs  are 1) to account; 
fo r  s u f f i c ie n t  mass lo s s  between red g ian t and h o r izo n ta l branch p h ases, w ith  
a s u f f i c ie n t  mass spread, to populate the HB and 2) to understand properly à 
the amount o f  helium -burning, chem ical mixing and mass lo s s  caused by the corë  
h e liu m -fla sh . While most o f the former s tu d ie s  d iscu ss  the e f f e c t  o f  
m odifying one or two o f the i n i t i a l  assum ptions, and the la t t e r  underlines  
the need fo r  s tu d ie s  o f red -g ia n t ev o lu tio n  and the h e liu m -fla sh , we have to 
look back to the e a r l ie r  work (e .g .  o f  SG76) to ob ta in  comparative s tu d ie s  
i f  we a lso  w ish to in v e s t ig a te  the e f f e c t  o f  m odifying an i n i t i a l  assumption 
These recen t s tu d ie s  are c i te d  fo r  com pleteness.
-A.'.. '  ... n't '  J TL.-.-.i . 'A: ", A'* .  -A  *
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4 .2  WHY MAKE STUDIES OF THE HORIZONTAL-BRANCH USING THE CARSON OPACITIES?
I t  i s  c lea r  from the preceding survey th a t many u n certa in tie s  s t i l l  
e x i s t  in  the th e o r e t ic a l s ta tu s  o f  h o r izo n ta l branch s ta r s .  I t  may be 
regarded as presumptuous to consider examining the e f f e c t  o f new p h ysics  on 
equ ilibrium  models w h ile  h is t o r ic a l  e f f e c t s  on the i n i t i a l  chemical 
stru ctu re  are s t i l l  poorly known. However we may ob ta in  a q u a lita t iv e  
view o f  the dependence o f  s t e l l a r  stru ctu re  upon the p hysics assumed by 
making a comparative study w ith  the work o f previous authors. We noted in  
^ 3 .2  that s t e l l a r  o p acity  i s  one fea tu re o f  astrop h ysics in  which 
uncerta in ty  remains. While RS72 d iscu ss  the e f f e c t  o f  a r t i f i c i a l  o p a c ity  
changes on equ ilibrium  h o r izo n ta l branch m odels, no study has been made o f HB 
s ta r s  using o p a c it ie s  c a lc u la te d  independently o f the Cox-Stewart o p a c it ie s .  
The Carson o p a c it ie s  g ive  us an opportunity to correct th is  om ission . 2'
Previous s tu d ie s  using the Carson o p a c it ie s  have le d  to  a number o f  
in te r e s t in g  r e s u lt s .  S tothere (1974 a ,b ) compares models for  zero-age  
main-sequence s ta r s  ca lcu la ted  w ith  Carson o p a c it ie s  and w ith  Cox-Stewart 
o p a c it ie s .  Although su rface  c h a r a c te r is t ic s  are not s ig n if ic a n t ly  a lte r e d , ' 
there are im portant s tr u c tu r a l d if fe r e n c e s . At high mass, S tothers (1976c) 
obtains su b s ta n tia l reddening o f  the ZAMS due to the development o f  a 
convective zone in  the s t e l l a r  envelope. Several c la s se s  o f  s ta r  in  the 
luminous b lue region  o f  the HR diagram are found to be pu lsationaX ly  unstable, 
ag a in st the K-mechanism due to large o p a c it ie s  a t low d e n s it ie s  in  the CNO 
io n is a t io n  zone (S to th e rs , 1976b). The major su ccesses  w ith  the Carson 
o p a c it ie s  have been in  s tu d ie s  o f  s t e l l a r  p u lsa tio n . S tud ies o f c la s s ic a l  
Cepheids (Carson and S to th e rs , 1976; S to th ers , 1976a; Vemury and S to th ers , 
1978) lead  to b e tte r  agreement fo r  in ferr ed  masses and p u lsa tio n a l properties* j
between evo lu tionary  th eory , p u lsa tio n  theory and ob servation . B etter  ]
%
agreement between theory and ob servation s has a lso  been achieved for  the 
l ig h t  curves and 'bump m asses’ o f  BL H erculis v a r ia b les  (Carson, S to th ers anCj 
Vemury, 1981; Carson and S to th e rs , 1982), Using data from v e lo c ity  and 
l i g h t  curves o n ly , S tothers (1981) ob ta ins p ro p ertie s  fo r  RR Lyrae s ta rs  in  ;
4
the range M /M q  — 0 .55  -  0 ,6 5 ; Y -  0 .2  -  0 .3 ,  and lo g  L / L q  = 1 .6  -  1 .7 . 
Independent data corroborate these v a lu es . Cox-Stewart o p a c it ie s  lead  to 
s im ila r  r e s u lt s ,  but derived masses are sm aller by about 20%. I t  should be 
noted that p u lsa tio n  s tu d ie s  provide t e s t s  prim arily  o f  the hydrogen and 
helium  o p a c it ie s .
I t  i s  th erefo re  appropriate to extend stu d ie s  o f s t e l l a r  stru ctu re  
w ith  the Carson o p a c it ie s  to h o r izo n ta l branch s ta r s  for  two reasons.
1) I f  the Carson o p a c it ie s  represent an improvement on the Los Alamos 
o p a c it ie s ,  we need to know how the th e o r e t ic a l p ic tu re  o f  the h orizon ta l 
branch i s  a f fe c te d . 2) Models o f h o r izo n ta l branch s ta r s  g ive  an 
opportunity to t e s t  the Carson o p a c it ie s  for  evolved  (Helium/Carbon/Oxygen) 




4 .3  THE GRID OF HORIZONTAL BRANCH MODELS
We adopt a procedure s im ila r  to th at o f  Sweigart and Gross (1974, 1976)
In ob ta in in g  a number o f zero-age and evo lu tionary  sequences for  h o r izo n ta l 
branch s ta r s  which w i l l  perm it a sy stem a tic  comparison o f the p ro p ertie s  o f  
HB s ta rs  as fu n ction s o f  th e ir  to ta l  mass M, th e ir  i n i t i a l  helium -core mass
and the r e la t iv e  mass abundances o f  helium  Ye, and m eta ls , Ze, in  the hydrogen^
r ic h  envelope. The range o f  va lu es fo r  the parameters (M, , Ye, Ze) has i
been taken from the grid  J
MMo 0 .5 0 (0 .0 2 )0 .9 0
« 0 .4 7 5 , 0 .5 2 5 , 0 .575
(4 -1 ) i
Ye = 0 .1 ,  0 .2 ,  0 .3
Ze = 0 . ,  0 . 0 0 1 , 0 . 0 1  ;
The range o f  va lu es i s  sm aller than that used by Sweigart and Gross *'
(1976), and not a l l  combinations have been included  in  the grids o f model 
sequences. In p a r tic u la r  we have not made ca lc u la tio n s  w ith  Ze ty p ic a l o f  
m etal-poor g lobu lar c lu s te r s  (lo g  Ze -  - 4 ,  ^ 5). As mentioned in  ^3.2 we 
only  have lim ite d  confidence in  o p a c it ie s  in terp o la ted  fo r  0 , 1  > E > 0 ,
However a s u f f i c ie n t  number o f  sequences are ca lcu la ted  to t e l l  us about the 
v a r ia tio n  o f  sequence p ro p ertie s  over a wide range o f  (M, M^  ^ , Ye, Ze).
The com putational procedure and input p h ysics have been d iscu ssed  in  
chapters 2 and 3 re sp ec tiv e ly *  The zêronage (equ ilibrium ) stru ctu re  and 
subsequent ev o lu tio n  o f  a h o r iz o n ta l branch s ta r  w ith  
(M « 0 .6 2  M  ^ , « 0 ,475  M^ , , Ye « 0 .3 ,  Ze » 0*001)
are d iscu ssed  in  d e ta il  in   ^4 ,4 .  The grid  o f zero-age h or izo n ta l branch 
m odels, which were con stru cted  for  a w ider range o f  parameters than used for  
the evo lu tionary  sequences, are d iscu ssed  in  ^ 4 .5 . The evo lu tionary  
sequences are presen ted  in  ÿ  4 . 6 .
À
4 .4  THE STRUCTURE AND EVOLUTION OF A 0 .62  HORIZONTAL BRANCH STAR I
3In th is  s e c t io n  we p resen t the r e s u lts  o f ca lc u la tio n s  o f the s tru ctu re  |  
and ev o lu tio n  o f  a h o r izo n ta l branch s ta r  w ith  one s e t  o f  parameter va lu es in  ? 
order to make a d e ta ile d  study o f  the e f f e c t  o f  changing the input p h ysics  andf 
to make a comparison w ith the work o f  Iben and Rood (1970b) (IR70, h erea fter )  
and Sweigart and Gross (1976) (SG76). Î
In the ZAHB m odels, the hydrogen s h e l ls  are constructed  so th at the 
p r o f i le  o f the hydrogen abundance rep resents a h a lf  s in e  wave ( - to i crA ' 2  
in  a s h e l l  o f th ickness 5 x 10 ' w ith  i t s  base a t , the i n i t i a l  value |  
for  the helium-COre mass. Although a rb itra r y , the hydrogen s h e l l  th ick n ess  
agrees w ith  c a lc u la t io n s  fo r  red -g ia n t models ju s t  p r io r  to the h e liu m -fla sh . 
Throughout the core, the i n i t i a l  helium  abundance i s  s e t  equal to 0 .9 7 1 ,  
c o n s is te n t  w ith  estim ates o f  the i n i t i a l  (h e liu m -fla sh ) carbon enrichment 
(Demarque and Mengel, 1971). Rood (1970) and Gross (1973) have considered  
the importance o f  u n ce r ta in tie s  in  the i n i t i a l  core-helium  abundance and |
the i n i t i a l  p r o f i le  in  the H -sh e ll r e s p e c t iv e ly . The chemical com position
in  the homogeneous envelope i s  s p e c if ie d  by the two parameters Ye, Ze.
The stru ctu re  and ev o lu tio n  o f  a 0 .6 2  M© s ta r  w ith  i n i t i a l  helium -core
mass Me, == 0 ,475  Mq and envelope com position Ye « 0 ,3 ,  Ze « 0 .001 i s  followed^
through the horizontal-branch  phase. The sequence i s  h a lted  when the 
cen tra l helium  abundance Y^  reaches 0 .01  (Some authors choose a h igher value §
■Io f  Y<; to end h o r izo n ta l branch e v o lu tio n , arguing that for  lower va lu es the 
s ta r  w i l l  occupy a ’supra-horizontal-branch ' p o s it io n  in  the HR diagram. This
d iffere n c e  w i l l  be noted when fea tu res  c r i t i c a l  to the choice o f  ’ TAHB’ 
d e f in it io n  are d isc u sse d ). This sequence (Z) w i l l  serve as a ty p ic a l 
example o f  our HB sequences, and w i l l  be compared in  d e ta i l  w ith  sequences 
c a lc u la te d  using d if fe r e n t  input p h y sics .
P rop erties  o f  the ZAHB model are given in  Cable 4 .4 ,  s e le c te d  p ro p ertie s  
o f models a t regular in te r v a ls  in  the evo lu tionary  sequence are given  in  
ta b le  4 .5 . The behaviour o f the su rface c h a r a c te r is t ic s  in  the 
( lo g  Tg|| , lo g  L/Lq) p lane i s  i l lu s t r a t e d  in  fig u re  4 .2  (sequence Z ),
A . u  ________   \  . . . / . f , ....... :v,-.  -kA:,.-.  . . . .    ^ ..........    '  ' j
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Table 4%4 D e ta ils  o f  the in te r n a l stru ctu re  o f  a zero^age h orizon ta l
branch s ta r  w ith  mass 0 .6 2  M© , core mass 0 .475  Mq , Ye = 0 .3 ,
Ze « 0 .0 0 1 , con stru cted  using the Carson o p a c it ie s .  The fo llo w in g  1 














mass zone number, J ;
r e la t iv e  mass, Mr/My* j
rad iu s, log*^ ;
lu m in osity , lo g  Ly/Lz»;
p ressu re , log  P ;
tem perature, log  T ;
hydrogen abundance, X ;
helium  abundance, Y ;
d e n s ity , log   ^ j
o p a c ity , lo g  ;
energy generation  r a te , log  £ ;
s t a b i l i t y  a g a in st convection  (* i f  u n sta b le ).
T a b le  4 .4
Î84
J Mr/M+ r iO':| L r l o g  P log r X Y : i o g £  l o g % l o g e  V
0 1.0000 11.5545 1.7414 3.6112 3.8395 0.699 0.300 - 8 . 0 4 0 - 0 . 4 5 7 0,000
1 1.0000 11.5125 1.7415 5.8067 4.8111 0.699 0,300 - 7 .1 6 9  0 .943 0.000
4 1.0000 11.4949 1.7415 6.2483 4.9039 0.699 0.300 -6 ,8 1 5  0 .872 0.000 7
8 1.0000 11.4685 1.7415 6,7912 5,0311 0.699 0.300 -6 .3 98  0 ,889 0.000
11 1.0000 11.4466 1.7415 7.1641 5.1179 0.699 0.300 -6 .1 1 0  0 .835 0.000
14 1.0000 11.4190 1.7415 7.5732 5.2075 0.699 0.300 -5 .7 88  0.769 0,000
1 8 0.9999 11.3807 1.7415 8.0658 5.3105 0.699 0.300 - 5 .3 9 5  0 .652 0,000 i22 0.9998 11.3284 1.7415 8.6558 5.4221 0.699 0,300 -4 .9 1 2  0.491 0.000
26 0.9997 11.2853 1.7415 9.0900 5.5106 0.699 0.300 -4 ,5 64  0.448 0.000
3 0 0.9994 11.2354 1.7415 9.5447 5.6037 0.699 0.300 -4 .2 0 0  0 .350 0.000
34 0.9988 1 1 . 1 7 7 2 1.7415 10.0248 5.7093 0.699 0.300 - 3 .8 2 5  0 .336 0.000
3 9 0.9978 11.1092 1,7415 10,5325 5.8144 0.699 0.300 -3.421 0 .189 0.000 f
4 3 0.9963 1 1 . 0 4 5 4 1.7415 10.9787 5.9043 0.699 0.300 - 3 .0 6 3  0 ,136 0.000
4 8 0.9938 10.9722 1 . 7 4 1 5 1 1 . 4 5 5 0 6 . 0 1 1 4 0.699 0.300 - 2 .6 9 3  0 .136 0.000
5 0 0.9922 10.9348 1.7415 11.6839 6,0680 0.699 0 . 3 0 0 -2,521 0 .162 0,000
5 2 0.9906 1 0 . 9 0 1 6 1.7415 11.8783 6,1157 0.699 0.300 -2 .3 74  0.131 ' 9 . 7 6 4
5 7 0.9859 10.8215 1.7415 12.3300 6.2079 0.699 0.300 - 2 , 0 1 4 - 0 . 0 9 2 '8 .5 44
6 2 0.9792 10.7347 1.7415 12.8104 6.3052 0.699 0.300 -1 , 6 3 0 - 0 . 0 7 5 '7 .3 2 2
6 7 0.9697 10.6403 1.7415 13,3101 6.4169 0.699 0.300 - 1 . 2 4 1 - 0 . 1 2 9 '6.051
7 0 0 . 9 6 0 8 10.5684 1.7415 13.6759 6.5006 0.699 0,300 - 0 , 9 5 9 - 0 . 1 5 0 '5 .1 5 8
7 4 0.9479 10.4783 1.7415 14.1158 6.6036 0,699 0.300 -0 . 6 2 2 - 0 . 1 8 4 '4 .1 27
78 0.9313 10.3775 1.7415 14.5878 6.7157 0.699 0.300 - 0 . 2 6 1 - 0 . 2 0 7 '3 .0 76 1
81 0 . 9 1 5 7 10.2932 1.7415 14,9694 6.8036 0.699 0.300 0 . 0 3 3 - 0 .2 6 2 '2 .2 84
84 0.8969 10.2001 1.7415 15.3798 6.9019 0.699 0.300 0 .3 4 5 -0 ,2 5 4 '1 .457
87 0.8744 1 0 . 0 9 5 7 1.7415 15,8253 7.0093 0.699 0.300 0 .6 8 3 -0 .2 9 8 '0 .601
9 0 0.8474 9.9765 1.7414 16.3194 7.1279 0,699 0.300 1 .0 5 8 -0 ,3 1 8 0.306
9 3 0,8209 9.8620 1.7410 16.7792 7.2414 0.699 0,300 1 .40 4 -0 .3 25 1.196
9 6 0.8030 9.7839 1.7391 17.0830 7.3173 0,699 0.300 1 ,63 2 -0 .3 37 1 .959
9 9 0.7809 9.6855 1.7050 17.4610 7.4075 0.699 0.300 1 .9 1 9 -0 .3 7 6 3.324
1 0 4 0 . 7 6 7 9 9.6273 1.3782 17.6838 7,4500 0.699 0.300 2 .0 9 8 -0 .3 6 3 4.127
1 0 6 0.7668 9.6222 1.2677 17.7037 7,4522 0,665 0.334 2 .1 2 8 -0 .3 6 5 4.174
111 0.7665 9,6211 1.2354 17.7086 7.4527 0.454 0.545 2 .2 1 1 -0 .3 7 3 4.129
1 1 6 0.7663 9.6204 1,2157 17,7121 7.4530 0.216 0.783 2 .3 2 4 -0 .4 8 3 3.958 -3
1 1 9 0.7662 9 . 6 2 0 1 1.2091 17.7141 7.4531 0.055 0.944 2 .4 2 1 -0 .4 8 0 3.485 J120 0,7661 9.6200 1.2086 17.7148 7.4532 0.000 0.999 2 .4 5 9 -0 .4 7 7 0.000
1 2 5 0.7304 9.5664 1.2086 18,1650 7,5015 0.000 0.971 2 .859-0 .421 0.000
131 0,6492 9.4938 1.2086 18.7008 7.6014 0.000 0.971 3 .2 8 4 -0 ,4 2 9 0.000
1 3 5 0.6054 9.4637 1.2086 18.8883 7,6452 0,000 0.971 3 .4 2 4 -0 .4 2 9 0.000
1 4 0 0 . 5 3 5 1 9.4202 1.2086 19.1233 7.7048 0.000 0.971 3 .5 9 4 -0 .4 4 9 0.000
145 0.4599 9.3761 1.2086 19.3226 7.7580 0.000 0.971 3 .7 3 5 -0 .4 8 4 0.000
150 0.3885 9.3339 1.2086 19.4816 7.8022 0.000 0.971 3.84 6-0 .521 0.000
157 0,3005 9.2777 1,2086 19.6520 7.8536 0.000 0.971 3 .9 6 2 -0 .5 4 5 0.000
1 6 3 0.2173 9.2148 1.2086 19.7970 7.9031 0,000 0.971 4 .0 5 5 -0 .5 7 6 0.000
165 0.1831 9.1837 1.2087 19.8540 7.9247 0,000 0.971 4.09 0-0 .591 0.000
166 0.1725 9.1731 1.2087 1 9 . 8 7 1 6 7.9316 0.000 0.971 4 .1 0 1 -0 .5 9 6 0 , 0 0 0 *
169 0.1405 9.1375 1.2087 19,9243 7.9526 0.000 0.971 4 .132-0 .611 - 2 .7 9 2 *
1 7 1 0.1070 9.0917 1.2086 19,9804 7.9748 0.000 0 . 9 7 1 4 ,1 6 6 -0 .6 2 7 '0 . 0 6 7 *
173 0.0737 9.0312 1,2076 20.0381 7.9977 0.000 0.971 4 ,2 0 1 -0 .6 4 4 0 .9 9 5 *
1 7 6 0.0377 8.9267 1,1926 20.1062 8.0247 0.000 0,971 4 .2 4 2 -0 .6 5 5 2 .1 4 5* 7179 0.0117 8.7502 1.0558 20.1676 8.0490 0,000 0 , 9 7 1 4 .2 7 9 -0 .6 6 6 3 ,1 2 3*
181 0.0048 8.6190 0.8399 20.1897 8.0578 0.000 0.971 4 .2 9 2 -0 ,6 7 0 3 .4 6 3 *
1 8 3 0,0022 8.5034 0.5899 20.2007 8.0621 0.000 0.971 4 .2 9 9 -0 .6 7 2 3 .6 2 9 *
1 8 4 0.0009 8.3735 0.2742 20.2081 8,0651 0,000 0.971 4 .3 0 3 -0 .6 7 3 3 .7 4 1 *
185 0.0000 0,0000 0.0000 20.2166 8.0685 0.000 0.971 4 .3 0 8 -0 .6 7 5 3 .8 6 7*
■  ^ "
I
Table 4 .5  D eta ils  o f the in te r n a l c h a r a c te r is t ic s  o f  a h or izo n ta l branch
s ta r  w ith  mass 0 .6 2  Mq, core mass 0 .475  M© , Ye = 0 ,3 ,  Ze = 0 ,001  ? 
during ev o lu tio n  from the zero-age h o r izo n ta l branch to a p o in t  
where the cen tra l helium  abundance has dropped to 0 . 0 1 . E volu tion  
i s  ca lcu la ted  using the Carson o p a c it ie s ,  and energy generation  
ra tes  from Fowler, Caughlan and Zimmerman (1975).
















time from the zero-age model in  1 0  ^ y e a r s , h j  ; 
log  e f f e c t iv e  tem perature, log  T eff ; 
to ta l  lum inosity  in  so la r  u n it s ,  lo g  L/L© ; 
su rface g r a v ity , lo g  g ;
mass in te r io r  to the hydrogen-burning s h e l l ,  Mc/M© j 
lum inosity  o f  the hydrogen s h e l l ,  lo g  L^/L© ;
temperature at the base o f  the h y d rogen -sh ell, lo g  T^^
d en sity  a t  the base o f  the h y d ro g en -sh e ll, lo g  ;
mass w ith in  the con vective  core , Mcc/M© ; 
lum inosity  o f the helium -core, log  L /L© ;
cen tra l tem perature, lo g  T^  ; 
cen tra l d e n s ity , lo g  »
cen tra l helium  abundance, Y  ^ ;
cen tra l oxygen abundance '^X. •
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Figure 4 .1  P o s it io n s  o f  zero-age h o r iz o n ta l branch s ta r s  w ith  masses o f 0 ,62 Mg, 
and 0 .625 M© (IR + IR '), ca lcu la ted  w ith  d if fe r e n t  s e ts  o f  input
p hysics as described  in  the t e x t .  Models connected by a dotted  l in e  •:i;
are constructed  w ith  the Carson o p a c it ie s ,  o th ers w ith .th e  Cox-Stewart 
o p a c itie s*  The s o l id  l in e  rep resents the IZAHB for  models o f  d if fe r e n t#  
masses but the same p h ysics as Z, The dashed l in e s  represent the -é 
eq u iva len t ZÂHB corresponding to models SG and IR. Models SG, IR and % 
IR  ^ are taken from Sweigart and Gross (1976), Iben and Rood (1970b) 
and Rood (1973).
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Figure 4ê2 Evolutionary tracks for  h o r izo n ta l branch s ta r s  ca lcu la ted  w ith  a
number o f a ssu i^ tio n s  about the input physics described  in  the te x t .  
The zeto -age p o s it io n  o f each track i s  marked and la b e lle d .
Tracks 2, Z* and W are su c c e s s iv e ly  d isp la ced  by 0 ,1  in  lo g  L/Lo ,
H orizontal l in e s  cu ttin g  the tracks mark the le v e l  o f  log  L/Lo » 1.7* 
Tracks IR and SG are taken from Iben and Rood (1970), and Sweigart 
and Gross (1976) resp ectiv e ly *  Track IR rep resents the evolutionary  
track o f a 0 .625 s ta r . A ll other tracks are fo r  a 0 .6 2  Mcjj s ta r .
IR  ^ i s  the zero-age p o s it io n  obtained by Rood (1973) for  a
0. 625 Mg s ta r . Î
8»
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Figure 4 .3  The behaviour o f s e le c te d  q u a n t it ie s ,  as a fu n ction  o f  time during | 
the evo lu tio n  o f a 0 .6 2  s ta r ,  w ith  M = 0 .475 Mg> , Ye = 0 .3 ,  |
i t h  appropriate s c a le s  are ; f
: E ffe c t iv e  tem perature, !
: Total lu m in osity ,
: Temperature a t base o f  H -sh ell,< | 
: D ensity a t base of H -sh e ll ,
: H ydrogen-shell lu m in osity ,
: Central tem perature,
: C entral d en s ity ,
: Helium-core lu m in osity ,
: Central helium  abundance,
; Central oxygen abundance.
Ze = 0 .001 . Q u an tities  shown
1 ) 3.75 < lo g  Te  ^ < 4 ,0
2 ) 1 .5 < log  L/L<p < 2 .0
3) 7.4 < lo g  T,^ < 7.65
4) 2 .4 < log  < 2 .65
5) 1 . 2 < lo g  Lp/Le> < 1*7
6 ) 8 . 0 <106% : < 8.25
7) 4 .3 < log  < 4 .55
8 ) 1 . 0 < log  < 1 . 5
9) 0 . < Ye < 1 . 0
1 0 ) 0 . < 1 . 0
surface p ro p g rtig s
h-shell proper ties
5 h
core p ro p e rtles
central composition
t  (. 10^
' . -j' I
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and o f cer ta in  in te r io r  c h a r a c te r is t ic s  in  fig u re  4 .3 . Figure 4 .2  a lso
•'ii l lu s t r a t e s  the ev o lu tio n  o f  a s im ila r  s ta r  w ith  semi convection  using  
Cox-Stewart o p a c it ie s  (sequence SG), and the ev o lu tio n  o f a 0 .625 M© |
using Cox-Stewart o p a c it ie s  w ithout sem iconvection  (sequence IR ). S
P rop erties  o f  sev era l ZAHB models are i l lu s t r a t e d  in  fig u re  4 .1 . w
ZERO-AGE MODELS
With the models p resen ted , i t  i s  not easy to deduce the q u a n tita tiv e  
e f f e c t  o f  using the Carson o p a c it ie s  on the p ro p ertie s  o f  h o r izo n ta l branch 
models. In a d d ition  to p ro p ertie s  o f models c a lc u la te d  w ith d if fe r e n t  
input p h ysics by o u r se lv e s , tab le  4 .6  contains d e ta ils  o f models ca lcu la ted  
by oth er authors who have used Cox-Stewart o p a c it ie s .  i
Model IR (taken from IR70) was ca lcu la ted  using lin e a r  in te r p o la t io n
in  the Cox-Stewart (1969) o p a c it ie s  and energy generation  ra tes  from FCZI.
t . . .  ’IModel IR (from Rood, 1973) was ca lcu la ted  w ith  a m u ltip o in t in te r p o la t io n  #
procedure for  the o p a c it ie s ,  and energy generation  ra tes  a lte r e d  by
- 61 ) a 1 2 % in crease  in  the p-p rea c tio n  r a te ,  2 ) a fa c to r  1 0  decrease in  
the W ( ) y )  F r a te ,  and 3) fa c to r  exp (-0 .1 3 8 /T ^  ) decrease in  the ^
r a te . Model SG (from SG76) was ca lcu la ted  w ith  s im ila r  p h ysics to IR'^  5 
except th at lin e a r  in te r p o la t io n  was used for the o p a c ity . The su rface A4p rop ertie s  o f  SG at zero-age agree w e ll w ith those o f  IR (noting  the mass 
d if fe r e n c e ) ,  although the in te r io r  p rop ertie s  ( e .g .  L ) do not agree so 
w e ll .
The remaining models mentioned in  tab le  4 .6  were ca lcu la ted  using  
l in e a r  in te r p o la t io n  in  the Carson op acity  tab les*  Models Z, X and W were 
ca lcu la ted  w ith  energy gen eration  ra tes  from FCZII. These adopt a sm aller '
value for  ^  fo r  the O rea ctio n  than used by IR70 and SG76, ;Iand the rate i s  reduced by a fa c to r  1 .41 exp (-0 .117 /T ^  ) w .r . t .  FCZI, & 
The reduction  fo r  the ra te  i s  50% a t  cen tra l temperatures for  HB s ta r s ,  
w h ile  the same reduction  used in  c a lc u la tin g  models IR  ^ and SG i s  'V 70%, f
Model Z was ca lcu la ted  w ith  the ra te  restored  to the FCZI va lu e , 1I
-.-I  V-. - •'■■■* ■___L ■ - •H’-i - ‘ — »• - !__».» . ..      ... ...... ’>• ..... .Î . ' ■> j , , .... ... .« . ... '
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Table 4 .6 . A summary o f  r e s u lts  fo r  the h o r izo n ta l branch stru ctu re  and 
ev o lu tio n  o f  1) a 0 .62  N@ s ta r  witVi Carson o p a c it ie s  (Z, Z ', X, W), «
2) a 0 .625 M© sta r  w ith  Cox-Stewart o p a c it ie s  (IR, I R ') ,  3) a 0 .62  M# 
s ta r  w ith  Cox-Stewart o p a c it ie s  and sem i-convection  (SG), A ll s ta r s  have 
Me = 0 ,475  M , Ye = 0 .3 ,  Ze = 0 .0 0 1 . 2) and 3) are adapted from Iben and
Rood (1970b) and Sweigart and Gross (1976) r e s p e c t iv e ly . P hysics fo r  each 




1 Z X W IR IR' SG
Mass (/M© ) 0.62 0.62 0.62 0.62 0.625 0.625 0.62
log Teff (ZAHB) 3.840 3.877 3.870 3.758 3.864 3,823 3.854
log L/L© (ZAHB) 1.741 1.713 1.720 1.777 1.634 1.719 1.713
log L (ZAHB) 1 .208 1.218 1.159 1.143 1.173 1.215 1.183
log g (ZAHB) 2.807 2.985 2.949 2.443 3.(92. 2.765 2.878
Mcc/Ho (ZAHB) 0.107 0.107 0 . 1 0 0 0 . 1 0 0 0 . 1 1 0 0 . 1 1 0 0.109
log Tc (ZAHB) 8.068 8.062 8.067 8.066 8.065 8.078 8,072
log ÇC (ZAHB) 4.308 4.280 4.315 4.322 4.291 4.323 4.327
tn8 yrs) 47.3 44.0 47.7 6 8 . 0 104,3
Hcc <Yc=O.S) 0.113 0.113 0 . 1 0 0 0.119 ^0.163
X,^c (Yc«0 .05) 0.231 0.163 0.235 0.5 0,504
i lo g  Teff (blue loop) 0.143 0 . 1 0 1 0.230 0 . 1 2 0 0 . 2 2 1
4 l o g  L/L@ (bl ue loop) -0.092 -0.077 -0.127 -0.04 ^4,07
excluding seHiconvective zone.
I
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The r e s u lt  o f  in crea sin g  i s  to in crease  the core lum inosity  %
and the cen tra l d en sity  and tem perature. However the to ta l  lum inosity  L |
and, consequently , the s t e l l a r  radius R are decreased. The drop in  the %
h yd rogen -sh ell lum inosity  L,^  fo llow s from the in crea se  in  the helium -core |
radius w ith  . Changing has no e f f e c t  on the mass in  the con v ectiv e
core , . The in crea se  in  L a lso  leads to  a decrease in  the |
h o r izo n ta l branch l i f e t im e  .
Model X was constructed  in  the same way as Z, except th at a d if fe r e n t  %
method o f  in te r p o la t in g  between the op acity  ta b les  fo r  core com positions fï
was used, which le d  to an in crea se  in  the core op acity  (as i l lu s t r a t e d  in  |
f ig u re  3 .2 ) .  S ince the in crea se  i s  non-uniform, i s  a lte r e d  (RS72
and ta b le  4 .2 ) .  In th is  case the la rg er  in crease  occurs a t a lower S
tem perature, lead ing  to a reduction  in  , in  agreement w ith the r e s u lt s  ï
o f  RS72. In a d d itio n , the in creased  op acity  leads to a drop in  L , |
hence to an in crea se  in  L  ^ , L and R. This i s  in  co n tra d ic tio n  to the f
r e s u lt s  o f  RS72 (see  ta b le  4 .1 ) .  ;
Model W was con stru cted  in  the same way as X, except th at the helium  I
p r o f i le  in  the h yd rogen -sh ell was m odified  by the a d d ition  o f  carbon in  
proportion  to th e ir  r e la t iv e  core abundances. This rep resen ts the s itu a t io n  
where helium  and carbon are both fu l ly  mixed ( in  the p ost-h eliu m  f la s h  phase)- 
throughout the helium  core and in to  the base o f the hydrogen en velope , 
and w i l l  be d iscu ssed  in  the next s e c t io n . For the p resen t,, we fin d  that 
i t s  immediate e f f e c t  i s  to s ig n if ic a n t ly  in crease  the h yd rogen -sh ell 
lum inosity  L y . L|.|  ^ i s  reduced. L and R are in crea sed . Combined
w ith  the drop in  due to the in creased  core o p a c ity , the reduced
core mass leads to v ir tu a l ly  no change in  w .r . t .  sequence Z,
With th ese  r e s u lt s  from the v a r ia tio n  o f  the input physics we may now 
a tten p t to understand the e f f e c t  o f  using Carson o p a c it ie s  in ste a d  o f  
Cox-Stewart o p a c it ie s  on the p ro p ertie s  o f  zero-age m odels. Models Z ' i
and IR represent those w ith  the most nearly  s im ila r  input p h y s ic s , excluding
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the o p a c ity . The a lte r a t io n s  to the input p h ysics to produce IR ' and SG 
le d  to an in crease  in  L and R. However in  th is  case L was a lso  in creased .
By in te r p o la t in g  the behaviour o f L and T^^ fo r  models IR and IR  ^
to models w ith  to ta l  mass M -  0 ,6 2  M , we see  th a t a l in e  in  the 
( ) p lane connecting models constructed  w ith  Carson
o p a c it ie s ,  but w ith  v a r ia tio n s  in  other aspects o f the input p h y sic s , l i e s  
above or to the l e f t  o f  th a t connecting s im ila r  models constructed  w ith  the  
Cox-Stewart (1969) o p a c it ie s  (f ig u r e  4 .1 ) .  At log  T ±  3 .85 th is  s h i f t  
i s  approxim ately = 0.025 a t constant lu m in o sity , or L. ~ 0 . 0 2
a t  constant tem perature. I t  should be noted that th is  r e s u lt  i s  d is s im ila r  
to a s im ila r  comparison fo r  main-sequence s ta r s  (S to th e rs , 1974a) where
^  "" 0 .0 1 . We a lso  note that the sm all d iffere n c e  in  the lo c a tio n  
o f  the ZAHB models i s  u n lik e ly  to crea te  a s ig n i f ic a n t ly  new p ic tu re  o f  the 
ZAHB. We noted in  s e c t io n  3 .2  th at in te r p o la t in g  in  the op acity  ta b le s  for  
O <. 2. < 0 .01  may lead  to an op acity  which i s  too sm all. I f  th is  i s  the
ca se , an in crea se  in  the envelope op a c ity  w i l l  lead  to a s h i f t  to lower 
lu m in o s it ie s  and e f f e c t iv e  temperatures (R efsdal and S ta b e ll ,  1972) fo r  a l l  
models constructed  w ith  the Carson o p a c it ie s .
In te rp retin g  the behaviour o f  the core-lu m in osity  i s  more com plicated. 
With the Cox-Stewart o p a c it ie s  the r e s u lt  o f  reducing , and other  
rea c tio n  ra tes was to in crea se  , and a lso  to in cr ea se  . With the
Carson o p a c it ie s ,  reducing le d  to a reduction  in  L , but an in crea se
in  L^ . The paradox appears to l i e  w ith  the Gox-Stewart m odels, as in  a l l  
other cases o f  in crea sin g  we fin d  a decrease in  L . This may be
caused by the reduction  in  used in  c a lc u la t in g  IR  ^ . However the
op p o site  e f f e c t  on L o f s im ila r  changes in  the rea c tio n  ra tes s t i l l  
requ ires an exp lan ation  which l i e s  beyond the scope o f  th is  p resen t study.
We may add th at i t  seems u n lik e ly  to be an o p acity  e f f e c t ,  although th is  i s  
the on ly  obvious s o lu t io n .
EVOLUTIONARY TRACKS
Evolutionary sequences are not a v a ila b le  for models IR ' and X 
(In h is  paper on h o r izo n ta l branch morphology. Rood (1973) transposed the 
track fo r  IR onto the zero-age model IR ' , doubling i t s  length  to take 
sem iconvection in to  account). We may make some general ob servation s  
concerning the remaining sequences.
Comparing sequence Z w ith  z '  , we fin d  that one e f f e c t  o f reducing  
i s  to in crease  s l ig h t ly  both and the ex ten t o f  the blueward loop.
With sequence W, the in creased  core op acity  has l i t t l e  e f f e c t  on .
The ex ten t o f  the blueward loop i s  in creased  by the carbon enriched s h e l l .  
This may e a s i ly  be accounted for by the greater  i n i t i a l  L^ which i s  
rap id ly  lo s t  as the h yd rogen -sh ell moves out in to  regions o f  normal CNO 
abundances. The ir r e g u la r  behaviour o f  sequence W a t  log  Te||. -  3 .85
i s  due to the change in  the method o f in te r p o la t io n  between the op acity  
ta b le s .  One fu rth er fea tu re  o f  th is  sequence i s  th at the change in  
in te r p o la t io n  method a r t i f i c i a l l y  l im its  to i t s  i n i t i a l  va lu e. The
n e g lig ib le  change in  i s  due to a balance between the reduced M
He
lA / _  r \ .
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and the reduced L
[ / m„  ( w ) ^  Î Lf e U)  I (-H. i w ) !
For a l l  sequences ca lc u la te d  u sing  the Carson o p a c it ie s  the maximum value  
th at the e f f e c t iv e  temperature a tta in s  i s  loc  ^ ~ /-
A fter  the i n i t i a l  in crea se  in  lu m in osity  the ra te  o f  change o f lum inosity  
w ith  e f f e c t iv e  temperature during the blueward loop i s
 ^ o.ssr-t 0.1Ü 
Sequence IR has a s im ila r  blueward ex ten t to Z, however both the
lum inosity  change and are a lte r e d . For sequences IR and SG, ca lcu la ted
w ith  the Cox-Stewart o p a c it ie s ,  we fin d
(IL%L / I  y o.'Ti i  o.o\
The d iffe r e n c e  in  fo r  the two op acity  s e ts  i s  s ig n if ic a n t .
In previous work ( i . e .  w ith  Cox-Stewart o p a c it ie s )  the decrease in  L ^ 
alm ost compensates for  the in crea se  in  L  ^ , and the evo lu tionary  track
. Î V i.-'v  ... V . ‘ 'i. .’.if. -V . ..■'= V. -f V s < v V ' - ' ' t    I T •' _ ... ) 1 ^ , J . r . ‘ft . 1
remains above the corresponding zero-age sequence in  the (L-T) p lan e.
However w ith  the Carson o p a c it ie s ,  a f te r  an i n i t i a l  r i s e  in  L, the drop in  
Lq i s  greater than necessary  to compensate for  the in crease  in  L , 
ev en tu a lly  bringing the evo lu tion ary  track below the ZAHB, Comparing 
sequences Z and IR in  more d e ta il  (u sing  fig u re  3, IR 70), we f in d  th a t w ith  
the Carson o p a c it ie s ,  the ra te  o f  in crea se  o f  L w .r . t ,  the decrease in  
helium  abundance Yc i s  in creased  by an amount I
C Lhc /  ^ Vc 1  % 1 1 /
This r e s u lt  i s  independent o f  the value used for  (sequence Z ^ .
However the in crea se  in  L means that the tenperature gradient in  the 
hydrogen s h e l l  in crea ses  (V & ) so th at the mean temperature
As L in crea ses  the radius o f  the helium -core in c r e a se s . The 
temperature a t the base o f the hydrogen envelope remains roughly con stan t, Q
I
w ith in  the s h e l l  f a l l s ,  and L^ a lso  f a l l s .  The in crease  in  Lj.|  ^ does 
not account fu l ly  for  the drop in  L  ^ , We can compare the ra te  o f  change
o f  L  ^ w ith  for  sequences Z and IR and fin d  that
[  /  Ô Une 1  % ^  I • 5 ”
Therefore the Carson o p a c it ie s  independently in crease  <^ ud
the combination leads to the in crease  in  the to ta l  lum inosity  
drop during blueward ev o lu tio n  for  sequence Z over th at fo r  sequence IR 
(The to ta l  lum inosity  drop for  SG i s  s im ila r  to th a t o f  Z, However 
semi convection  in  SG in crea ses  the e f f e c t iv e  , and comparison i s  no
longer stra igh tforw ard ). The d iffere n c e  in  between Z and TK
i s  a n tic ip a te d  as L(T |^!jl ) i s  known to be a s e n s i t iv e  fu n ction  o f  the op acity  
As found by oth er authors, the cen tra l oxygen abundance does not
r i s e  appreciably u n t i l  a f t e r  Yc has dropped to 0 ,4 ,  a f t e r  which we ob ta in  
(sequence Z) an in crea se  in  X from 0 .05  (Yc -  0 .4 )  to 0 ,32(Y c =* 0 .0 1 ) ,
SG76 and IR70, using 0^  « 0 .085  and 0 .078  r e s p e c t iv e ly  for the e f f e c t iv e
c r o s s -s e c t io n  fa c to r  in  the O r ea c tio n , ob ta in  ^ C X '
This important d iffere n c e  (the amount o f *t) produced during core-helium  
burning i s  important for  determ ination o f  cosmic abundances and a f f e c t s  .F
h o r izo n ta l branch life t im e s  and p ost horizontal-branch  ev o lu tio n ) i s  due
mainly to the reduced value for  used by Fowler, Caughlan and Zimmerman
(1975). (The e f f e c t  o f  a lte r in g  i s  in v e s t ig a te d  by both IR70 and SG76).
However i t  was found (sequence ) th at in creasin g  and hence reducing
a lso  leads to a decrease in  , we f in d  i
XBecause o f  the d iffere n c es  in  both and ^  between our work and sequence
IR and SG, i t  i s  not p o s s ib le  to determine whether op acity  a f fe c ts
O  ^ . Our work does h ig h lig h t  the importance o f understanding f  
reaction  ra tes  properly in  order to determine r e la t iv e  abundances o f  chem ical i  
elem ents a ccu ra te ly . In th is  r e sp e c t , we b e lie v e  a value for
rep resents an improvement over SG76 as we have adopted  
more modem energy generation  r a te s .
The h o r izo n ta l branch l i f e t im e  4' / v x lO years i s  considerab ly
sh orter  than those found by previous authors. As core p ro p ertie s  fo r  HB | 
s ta r s  are v ir tu a l ly  independent o f M , for  sequence IR may be compared
d ir e c t ly  w ith Z. We have
t b^ig (,,'2 ) ( i R 0 * 7
We can account for  th is  d iffere n c e  by con sid ering  a number o f e f f e c t s .
As already noted , the op acity  leads to a d iffere n c e  in  the con vective  core 
s iz e  and hence to the amount o f fu e l a v a ila b le . Considering the maximum
mass contained in  the con vective  core we fin d
Mu, CiR) WifVx*
We a lso  noted the d iffere n c e  in  core lum inosity  between sequences Z and IR, 
which it ip lie s
Lue, ( iR )
L hc-C'^)
iHH it Û-SI
IR70 notes that t  (  1 -t 0-'X4-6 (.% O ))
With our value for  X uc a lso  ob ta in  |
t  0  9 6
\^«.C "I
To f i r s t  order, we may estim ate  the expected by combining these e f f e c t s  f
to ob ta in
twB C -z] A/ 0 - l l f
pv€ A
on the b a s is  o f  the amount o f  a v a ila b le  nuclear fu e l and the ra te  at which 4
■-i
i t  i s  consumed. As a f i r s t  order es tim a te , i t  i s  w ith in  reasonable agreement 1| 
o f  the r e s u lt  obtained .
We have d iscu ssed  r e s u lt s  o f  ca lc u la tio n s  for  the stru ctu re  and e v o lu tio n  I 
o f  a s in g le  h o r izo n ta l branch s ta r . Some important d iffe r e n c e s  between the 
r e s u lt s  o f  our work and e a r l ie r  c a lc u la t io n s  have been in d ica ted . We have 
attem pted to  understand th ese  in  terms o f  new o p a c it ie s  and energy generation  ^
r a te s . In p a r tic u la r  we note th at using the Carson o p a c it ie s  in ctea d  o f  the 4
Cox-Stewart o p a c it ie s  leads to the fo llo w in g  r e s u lts
1) An in crease  in  core-lum inosi ty L . 4
2) A decrease in  con vective  core mass ,
3) An in crea se  in  L(T [^ip )'zahb & given s ta r ,  independent o f  o ther input 
p h y s ic s , o f  'Gleg L -  0 - 0 2  a t  sr |
(Improved o p a c it ie s  a t ^  0 .001 may a lt e r  th is  r e s u l t ) .
4) An in crease  in  (d lo g  L/d lo g  T^ j^^  ) during blueward ev o lu tio n  by a 
fa c to r  o f  2.
5) An in crease  in  ( TL ) by a fa c to r  o f  1 .1 6 ,
6) An in crea se  in  ( "à  ^fa c to r  o f  1 ,45 (This r e s u lt  may not be
independent o f  £ changes between IR and 2 ) ,
7) A reduction  in  h orizon ta l branch li f e t im e  by a fa c to r  o f  ù:0 ,7 7
%(a fu rth er reduction  i s  caused by a reduced value fo r  0^  ) ,
In the fo llo w in g  s e c t io n s  we presen t further c a lc u la t io n s  for  
horizontal-branch  s ta r  models over a wide range o f  va lu es fo r  the parameters
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4 .5  ZERO AGE HORIZONTAL BRANCH MODELS
Tables 4 .7  to 4 .10  l i s t  important p rop erties  o f sev era l zero-age  
h o rizo n ta l branch models. Each s e t  o f models i s  grouped according to î
, Z  ^ and Me v a lu es . Each ta b le  represents a d if fe r e n t  s e t  o f  
assumptions concerning the input p h ysics and chem ical s tru ctu re . Table 4 .7  
l i s t s  models constructed  w ith  the same s e t  o f assumptions used for  the %
zero-age model o f  sequence Z in  ^ 4 .4 , and provides the most d ir e c t  comparison 
w ith  the zero-age models reported in  SG76 and Rood (1973), These models are 
la b e lle d  Z. ",
The bulk o f  the HB c a lc u la t io n s  were made w ith  a m odified s e t  o f
a ssu n p tio n s, which were noted b r ie f ly  in  ^ 4 ,4 ,
1) The o r ig in a l method o f  in te r p o la t io n  between com positions in  the o p acity
ta b le s  used the (H, He, Z) ta b les  fo r  Z$ 0 .0 4 , and the (He, C, 0) ta b le s  for
Z ^ 0 .0 5 , in te r p o la t in g  between the two methods for 0 .0 4 < Z < 0 .0 5 .  This 
procedure n e g le c ts  the con tr ib u tion  o f  the enriched  carbon ( '^^ 3%) in  the 
zero-age helium -core, and overestim ates the con tr ib u tion  o f  other elem ents
to the to ta l  o p a c ity . Further in v e s t ig a t io n  showed th is  to be a m islead ing  
assumption as tab le  4 .8  (models are la b e lle d  X) and the d iscu ssio n  in  ;;
jp4 .4  demonstrate.
2) In con stru ctin g  the hydrogen p r o f i le  in  the hydrogen-burning
s h e l l ,  the hydrogen was rep laced  by both helium  and carbon in  th e ir  r e la t iv e  4  
core abundances in stea d  o f by helium  a lon e. This s itu a t io n  may a r ise  i f  ■ 
core-m ixing a t the helium -core f la s h  extends in to  the base o f  the hydrogen 
envelope by a sm all amount (Early q u a s i- s ta t ic  ca lc u la tio n s  (Schwarzschi Id 
and H'drm , 1966; Thomas, 1967) and dynamic c a lc u la t io n s  (Edwards, 1970) o f  
the helium -core f la s h  have not reso lved  the qu estion  o f  whether mixing takes 
p lace between h e liu m -fla sh  products and hydrogen-rich m atter or n o t) .
The e f f e c t s  these assu iip tions have on zero-age niodels are i l lu s t r a t e d  in  
fig u re  4 .4 b , w hile  further data i s  given in  tab le  4 .9  (models are la b e l le d  W). 
Hence w ith  referen ce to the sequence o f standard zero-age models Z, sequences f.
100
X are constructed  w ith an in creased  core op acity  and sequences W use both  
an in creased  core o p a c ity  and, e f f e c t iv e ly ,  an in creased  C N cyc le  energy 
generation  r a te .
A sm all number o f  models ( la b e l le d  DV, presented  in  tab le  4 .10 ) were !%
ca lcu la ted  by m odifying the Bohm-Vitense treatm ent o f  the m ixing-length  4
theory o f  convection  as d iscu ssed  by Deupree (1979) and Deupree and |
Varner (1980).
Figure 4 .5  demonstrates the dependence o f  zero-age h orizon ta l branch (
models on core mass and envelope com position (using sequences W) , w hile  
fig u re  4 .6  i l lu s t r a t e s  the m e ta l l ic i ty  dependence o f  the ZAHB 
(u sin g  sequences X). ?ilFrom fig u re  4 .4a  we fin d  that the lum inosity  in crea se  over SG76 reported -
fo r  model Z in< ?4.4  i s  extended to a l l  models w ith  m e ta l l ic i ty  Ze « 0 .0 0 1 , §
?and from fig u re  4.4b we fin d  that the lum inosity  and e f f e c t iv e  temperature 3
d iffe r e n c e s  due to the various s e t s  o f input p h ysics are preserved for  a 
given  s e t  o f values fo r  (Me, Ye, Ze) over a l l  M., However i t  i s  c lea r  that 
th ese  d iffere n c es  are not preserved  when Ze (a t le a s t )  i s  varied  s in ce  for  
Ze “ 0 .001 we require a lum inosity  change o f 6 lo g  L ^ 0 to transpose SG76 4  
r e s u lts  onto our sequences Z$ but for Ze = 0 .0 1 , the eq u iva len t lum inosity  
change becomes i  log  L< 0. The e f f e c t iv e  temperature d iffere n c es  have the t
same sense for  both m e t a l l i c i t i e s .  From our sequences X, we fin d  that  
a change in  core op acity  leads to lum inosity  and e f f e c t iv e  temperature 
changes o f the same sense fo r  both m e t a l l i c i t i e s , w h ile  in crea sin g  the carbon.y 
abundance in  the hydrogen s h e l l  (sequences W) only in crea ses  the lum inosity  
appreciably  a t  lower Ze v a lu es . A c lo ser  comparison Of the SG76 r e s u lt s  
w ith  sequence Z shows that a t Ze ~ 0 .0 1 , the new models have lower s h e l l  
lu m in o s itie s  than the o ld  by S lo g  -  0 .0 3 , w h ile  a t Ze = 0.001 the new 
models have s h e l l  lu m in o s it ie s  which are larger than the e a r l ie r  r e s u lt s  
by an equal amount. The core lu m in o s it ie s  are grea ter  a t  both  
m e t a l l ic i t ie s  fo r  models using the Carson o p a c it ie s .  This d iffere n c e  may
10 )
he exp la ined  in  terms o f  the o p a c it ie s  used. At the temperatures and -4k
d e n s it ie s  encountered in  the hydrogen-burning s h e l l  the Carson o p a c it ie s  are;  
greater  than the Cox-Stewart o p a c it ie s  for  Ze = 0 .0 1 , but lower a t  Ze -  O.OC 
when using a lin e a r  in te r p o la t io n  scheme (see  ta b le  4 .1 1 ) .  A decrease in  t 
the op acity  leads to a decrease in  the temperature grad ient in  the hydrogen ; 
s h e l l ,  and hence to an in crea se  in  the to ta l  s h e l l  lu m in osity . The change |  
in  s ign  o f the d iffe r e n c e  between Carson and Cox-Stewart o p a c it ie s  a t  two 3 
m e t a l l ic i t ie s  leads to the s h e l l  lum inosity  d iffe r e n c e s  obtained . By 
ex tra p o la tin g  th ese  r e s u lt s  we expect an in crease in
lo g  L = ( lo g  Lg. -  lo g  L ) foi" lower m e t a l l i c i t i e s ,  More i;
c a lc u la tio n s  are n ecessary  to q u antify  th is  in crea se  and to in v e s t ig a te  the ?
%behaviour o f  lo g  T^  ^ w ith  decreasing m e ta ll ic i ty  for  the Carson o p a c i t i e s .z  
I t  should be noted  th at the discrepancy found in  ^ 3.2 between |
ca lcu la ted  and in terp o la ted  o p a c it ie s  for  0 .005  in p lie s  a value fo r  
op a c ity  fo r  Zg^  = 0 ,001 th a t i s  too low. This i s  one p o in t where the use 
o f in te r p o la t io n  between the o p a c ity  ta b les  fo r  0 <' Ze < 0 .0 1  may be
f . . ■ ■im portant, as noted in  6  4 .4 . We th erefore have le s s  confidence in  our #
r e s u lts  for  the p o s it io n  o f  the ZAHB a t Ze ~ 0 .001 than a t Ze. ~ 0 .0 1 . |
The models constructed  w ith  the m odified convection  treatm ent serve to # 
show th at the u n certa in ty  in  the convection  treatm ent and the uncerta in ty  
in  the op acity  carry a roughly equal share in  the p o s it io n  o f the redward 
l im it  for  a ZAHB sequence.
By con sid ering  the la rg er  s e t  o f  zero-age models ‘(W), we fin d  the same 
general behaviour o f  model c h a r a c te r is t ic s  as fu n ction s o f  (M, Me, Ye) as 
found w ith Cox-Stewart o p a c it ie s .  With the models constructed  we have not \
Table 4 .1 1  Opacity a t  log  T = 7, lo g p  = 2, Y « 0 .5  •
lo g  % /  Ze Î 1 0 * 1 0  0 loF'
Tab* In t.
Carson 0.291 0.159 0.172
Cox-Stewart(1969) 0.272 0 .207 0 .212  0 .214
i02
found any s p e c i f i c  m od ifica tion  to the dependence on Ye or Me w ith  the 
Carson o p a c it ie s  in  the sen se  th at the (Z) dependence i s  m odified.
From c a lcu la tio n s  o f a large number o f zero-age h o r izo n ta l branch models %
■3using Carson o p a c it ie s  we do not fin d  any major m od ifica tion s to the p resen t  
th e o r e t ic a l s ta tu s  o f  such models. However we do note th at the Carson
o p a c it ie s  may lead  to an in crease  in  the s e n s i t iv i t y  o f  the h ydrogen-shell -C
lum inosity  to the envelope m e ta l l ic i ty  for  10"^> Ze > 10  ^ , which we expect
to be true for  lower Ze.
. A - '   V- -  a r--.-.if'-’ ..r< % t'"."' f è i" '*  . y j . -i-.i-.-
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Tables 4*7 to 4 .10
Sequences o f  models fo r  zero^age horizontal-branch  s ta r s .  Each ta b le
represents models constructed  w ith a d if fe r e n t  s e t  o f  input p h y sics .
la b e ls  used in  the te x t  ;
Table Sequence M odified p h ysics (w .r .t .  Z)
4 .7 Z
4 .8 X core M
4 .9 W core hf , H -sh ell £
4.10 DV core , H -sh e ll ^ , envelope
Models are grouped according to 1) helium —core mass. Me , 2) envelope helium  
abundance, Y c ,3) envelope m e t a l l ic i t y ,  For each mass, we g ive  the su rface
p ro p ertie s  L, T e ff , g, the nuclear energy source s tr e n g th s , , and the
con vective  core mass, M^ .^
T a b le  4 . 7
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M* lo g  T e f f
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4 .2 2 4 4
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1 .644 
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1 ,742 
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3 .6 7 0
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2 .805
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1 .4 4 2  
1 .534 
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0 .1 0 7
0.1(17
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; o , s 0 3 .7479 1 .647 2 .4 9 0 1 .135 1 .4 8 7 0 .1 0 0
■- 0 .5 8 3 ,6 2 9 6 1 .684 1 .996 1 ,133 1 .541 0 .1 0 0
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rc = 0 . 4 7 5  Y=u,3 Z=0 ,u1 hu
0 .5 0 4 .2873 1 ,149 5.( 97 1.131 " 0 . 2 4 2 0.101
0 ,5 2 4 .1 8 8 6 1 .362 4 .5  L 0 1 ,1 4 4 0 ,9 5 8 0 ,1 0 0
0 .5 4 3 .9942 1 .56 Ô 3.541 1.138 1 ,3 6 3 0 .1 0 00 ,5 6 3 ,7320 1 .654 2 .4 2 0 1 ,134 1 .498 0 .1  00
0 ,5 8 3 .6275 1 ,688 1 .983 1 ,132 1 ,547 0.1UÜ
Ü.60 3 .6125 1 .710 1 .915 1.131 1 ,577 0,100.
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0 .6  4 3 ,6109 1 .547 2 .1 ' !0 1 .137 1 ,3 3 3 0 ,1 0 0
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Figure 4 .4  A comparison o f  ZAHB models for  d if fe r e n t  s e ts  o f  input p h ysics ,
(a) Carson o p a c it ie s  v s , Cox-Stewart o p a c it ie s  (from SG 76) for  
2 m e ta l l ic i t ie s *
(b) The e f f e c t  o f  in creased  core o p a c it ie s  (X) and a carbon 
enriched H““s h e l l  (W) on the standard models (E).
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Figure 4 .5  C h a ra cter istics  o f ZAHB models as a fu n ction  o f  (a) helium  core
(b) envelope helium  abundance and (c) m e ta l l ic i ty  for  models (W) w it p  
in creased  core o p a c it ie s  and a carbon enriched H -sh e ll. •
Parameters for  each sequence are given in  the diagrams w ith  the mass, i  
( in  M ) o f the b lu e s t  model in  each sequence, Tlie masses o f other  
models in  each sequence in crea se  in  step s o f 0 , 02  Mq towards the red || 
In fig u res  4 ,5  (b) and 4 .5  ( c ) ,  the low est masses are 0 , 50  M© 
in  a l l  sequences.
Mc=0.475 Ze=0.0l
44 43 42  41 39  38
log TeFF















! 0 > 3  0  2  O 'I








XI0“188 Mc=0.475 Ye=0.3 (X)
175
178









120 [38 4 2 5  420  4 1 5  41 0  405 400 335 390  385 360  3 7 5  3 7 0  365  3 6 0
. . .  — 2
log TePF
Figure 4*6 ZAHB models as a fu n ction  o f m e ta ll ic i ty  for  models (X) w ith
in creased  core o p a c it ie s .  Models o f s im ila r  masses are connected  
by roughly in terp o la ted  dashed l in e s .  S o lid  l in e s  represent  
ZAHB sequences for  the given m e t a l l i c i t ie s .  The mass in te r v a l  
between models i s  0 ,02 Mo ,
:
%
4.6 EVOLUTIONARY SEQUENCES FOR HORIZONTAL BRANCH STARS -f
D eta ils  o f evo lu tionary  sequences for  h o r izo n ta l branch s ta r s  ca lcu la ted  f
using the Carson o p a c it ie s  and the FCZII energy generation  ra tes  are given in  % 
ta b le s  4 .12 ~ 4 .1 5 . Table 4.12 g ives o v e r a ll p ro p ertie s  for  each evolutionary^  
sequence fo r  the standard models (Z) , further d e ta ils  o f  each sequence are 
given  in  ta b le  4 .13 . The same inform ation i s  given in  ta b le s  4 .14  and 4.15 4  
fo r  sequences (W) ca lc u la te d  w ith  the m od ifica tion s described  a t the be ginning % 
o f  ÿ  4 ,5 .  Evolutionary tracks for  both s e t s  o f  sequences are shown in  
fig u res  4 .7  and 4 . 8 .
The major consequence o f  using the o r ig in a l op acity  in te r p o la t io n  scheme 
(v iz .  in te r p o la t io n  in  the H, He, Z ta b le s  fo r  Z< 0 , 04)  i s  to prevent the 
con vective  core from growing above i t s  zero-age mass ) .  As the carbon
abundance r i s e s ,  the op a c ity  in te r p o la t io n  a lte r s  to use the He, C, 0 ta b les
and the o p a c ity  w ith in  the con vective  core drops s te e p ly , causing a drop
( 5%) in  subsequently r i s e s ,  but on reaching -  M ,
has a lso  r ise n  to become s ig n if ic a n t ly  greater  than 1
where a large d isc o n tin u ity  in  the o p acity  now occurs. Without con vective  
overshooting  no mixing w i l l  take p lace  across the con vective core boundary, 
and M i s  unable to grow any fu rth er . With the new o p acity  in te r p o la t io n  1
scheme M<^ ç, grows continuously  u n t i l  the r is in g  com position d iffere n c e  
between the ra d ia tiv e  and con vective  regions o f  the core in crea ses  the s iz e  
o f  the d isc o n tin u ity  in  the op a c ity  a t the core boundary to an ex ten t which 
prevents th is  growth (u su a lly  when Yc has dropped to approximately 0 . 8 2 ) .  %
For = 0.475 the main d iffere n c e  between evo lu tionary  sequences Z and W
i s  that maximum values fo r  the con vective  core s iz e  are (Z) =* 0 ,184
' ' ^  and (W) « 0 .161  i|Ithe carbon enrichment in  the hydrogen-shell has l i t t l e  e f f e c t  on the
o v e r a ll e v o lu tio n , but produces a lum inosity  arid e f f e c t iv e  temperature j l
■ ' I  ' i
d iffere n c e  in  evo lu tionary  s ta g es  where the h yd rogen -sh ell has not burnt out §  
through the region  o f  carbon-enrichm ent. For s ta r s  in  which the hydrogen-
114,
s h e l l  i s  weak, and hence moving outwards le s s  ra p id ly , the carbon
,-S
enrichment has a correspondingly sm aller e f f e c t  on the to ta l  lu m in osity . 4
IThe irreg u la r  ea r ly  behaviour o f  red evo lu tionary  tracks (W) ( e . g .  for
IM>0,60 ,  Me = 0 . 475,  Ye = 0 . 3 ,  Ze = 0 .001 ) i s  due to the rapid movement o f s
Ithe hydrogen s h e l l  away from i t s  o r ig in a l p o s it io n  (fig u re  4 . 7 ) .  |
Having accounted for  the d iffere n c es  between evo lu tionary  tracks in  
fig u res  4 .7  and 4 . 8 ,  we observe th a t the general fea tu res  o f both s e t s  are %
m orphologically  s im ila r . We th erefore  use the la rg er  number o f  sequences 4
a v a ila b le  in  s e t  W to examine general sequence c h a r a c te r is t ic s .
We have already noted (S  4 . 4 )  the su b sta n tia l lum inosity  drop during 
COre-helium burning. This fea tu re  occurs in  a l l  sequences, but the S
lum inosity  drop in crea ses  w ith  L  ^ (except for  low where the e f f e c t  i s
reduced). In co n tra d ic tio n  to SG76, we fin d  th at as Ye in crea ses  to Ye = 0 ,1
evolu tionary  tracks do not d ev ia te  s ig n if ic a n t ly  from th e ir  ZAHB curves. 4
jDue to the drop in  L  ^ , the in crea se  in  M,^  due to hydrogen-burning i s  much #
lower when the Carson o p a c it ie s  are used than found p rev io u sly . We do not
fin d  s ig n if ic a n t  lum inosity  d iffe r e n c e s  for s ta r s  a t op p osite  ends o f
blueward loops w ith in  the in s t a b i l i t y  s t r ip .  I f  there i s  a large mass i
spread in  the HB p op u la tion , the lum inosity  th ick n ess o f  the HE i s  not found  ^
to vary s ig n if ic a n t ly  w ith  in crea sin g  Y^  ^ . ’I
The d iv is io n  o f  HB tracks in to  two m orphological groups depending on 
whether ev o lu tio n  i s  mainly to the b lue or to the red (IR70) i s  s t i l l  
p o s s ib le .  We proposé a method to id e n t ify  the b ifu r c a tio n  p o in t between 
redward and blueward evo lu tion ary  sequences for a given s e t  o f  parameters 
(M , Ye, Z). The tim e-averaged i s  obtained  from each evo lu tionary
sequence by
(4-2 )
where lo g  TJp., i s  the logarithm  o f  the e f f e c t iv e  temperature a t time ,
5and \  t'p . By lin e a r  in te r p o la t io n  we ob ta in  the mass o f  the :
I
■a %i
h o rizo n ta l branch s ta r  for  which lo g  (ZAHB) = <  log  |
In te rp o la tin g  again we ob ta in  L /L for  the s ta r  a t the b ifu rca tio n  p o in t. -M 
Stars for  which lo g  (ZAHB) > < log  > are considered to evo lve  j
mainly to the red (This arb itrary  d e f in it io n  o f  the b ifu r c a tio n  p o in t means J&
th at some models which evolve p a r tly  to the blue may f a l l  in  the *redward'
ev o lu tio n  group). The b ifu r c a tio n  p o in ts  for  a number o f  combinations o f  ig
■k(Me, Ye,, Ze) ca lcu la ted  from sequences W are given  in  tab le  4 .16 . For ?
(M « 0 . 475 ,  Ye = 0 , 1 ,  Ze = 0.01),L^g^ /L > 0 . 63  for a l l  M and there i s  no 
blueward ev o lu tio n . The r e s u lt s  obtained in  tab le  4 .16 agree w ith  the 1-
conclusion  o f  Lauterborn, Refs dal and S ta b e ll (1972) that sm all and la rg e  |
s
values o f /L lea d , r e s p e c t iv e ly , to blueward and redward evo lv in g  I
sequences. For sequences W, the c r i t i c a l  value o f  L /L sep aratin g  the
%m orphological groups i s  approxim ately 0 .56 .  However our d e f in it io n  o f  the
b ifu rca tio n  p o in t i s  s e n s i t iv e  to the d e f in it io n  o f  I f  the end o f  HB i|
ev o lu tio n  i s  chosen a t  Yc = 0 .05 rather than Yc = 0 .0 1 , < lo g  T^ „^ > for  a
given (Me, Ye, Ze) w i l l  be in creased . The 'b ifu r c a tio n  mass' w i l l  be |
reduced and the c r i t i c a l  r e la t iv e  core lum inosity  L j^^/L w i l l  be increased
From the sm all number o f  evo lu tionary  sequences ca lcu la ted  we fin d  th a t the %
d iffe r e n t  p h ysics used in  the Z sequences leads to an in crea se  in  the 4
b ifu r c a tio n  mass and a decrease in  the c r i t i c a l  core lum inosity  fr a c t io n . 9
,  1The la s t  entry in  tab le  4.15 demonstrates t h is ,  but note that the in te r p o la t io n  
i s  over an in creased  mass in te r v a l .  We do not a n t ic ip a te  a s ig n if ic a n t  
change in  the population  o f  the m orphological groups as a r e s u lt  o f  using  
the Carson o p a c it ie s .
We fin d  for a l l  va lues o f  (M, Me, Ye, Ze) used th a t HB li f e t im e s  are 
considerab ly  sh orter  than found p r e v io u s ly , even a f te r  an allowance for  the 
n e g le c t  o f  sem iconvection  has been made. The p r in c ip a l reasons for  th is  
r e s u lt  are d iscu ssed  in  ^4 . 4 .  As e a r l ie r  authors have found, tj.jg is  a 
s e n s i t iv e  fu n ction  o f  core mass Me. During HB ev o lu tio n  the behaviour 
o f  the h ydrogen-shell may s ig n if ic a n t ly  modify Me. As b e fo re , we fin d  an
,
Table 4.16 Masses and C ore-lum inosity fr a c tio n s  a t  the b ifu rca tio n
p o in t between redward and blueward evo lu tionary  sequences
fo r  model sequences W at constant (Me, Ye, Ze).
Me Ye Ze M*,
0.475 0 . 3 0 .01 0.523 0. 57
0.475 0 .2 0 .01 0.544 0.56
0.475 0. 1 0 .01 -
0.475 0 . 3 0.001 0.540 0 . 53
0.475 0.2 0.001 0.550 0.58
0.525 0 . 3 0.01 0.586 0.58






in crease  in  Me leads to a decrease in  • S im ila r ly , an in crease  in  Ye 
leads to an in crease  in  L  ^ and hence in  olMc.M'tj a decrease in  fo llo w s .Hg
Thus for  (M = 0 , 60 ,  Ye = 0 . 3 ,  Ze = 0 , 0 1 ) ,  drops from 5 .2  x 10^ years to 
73 .4  X 10 years as Me in crea ses  from 0.475 M ^ to 0 .525 , and for
(M = 0 . 54 ,  Me s= 0 . 475 ,  Ze = 0 . 0 1 ) ,  drops from 5 .3  x 10^ years to
75 .0  X 10 years as Y in crea ses  from 0 ,1  to 0 . 3 .  However the Carson 
o p a c it ie s  modify the behaviour o f  L ^ as a fu n ction  o f  M and Ze. In 
gen era l, fo r  Ye = 0 .3  and a g iven  p a ir  (Me, Ze) , in crea sin g  M for  s ta r s  w ith  
< log  Tg .^ > ^ 4 ,0  leads to a decrease in  . For 4 .0  > < lo g  T|,||>>>3.8,
the in crea sin g  to ta l  drop in  L  ^ during ev o lu tio n  w ith  in creasin g  M leads  
to an in crease  in  w ith  in crea sin g  M. For < lo g  Tgj|^ < 3 . 8 ,  the to ta l
drop in  d ecreases, and a lso  decreases w ith  in crea sin g  M. Tlie region
in  which in crea ses  w ith  in cr ea sin g  M van ishes as Ye drops below 0 , 3 .
This i s  b e s t  i l lu s t r a t e d  in  ta b le  4 . 14  by the s e t  o f  evo lu tionary  tracks for  
(Me “ 0 . 475 ,  Ye = 0 , 3 ,  Ze = 0 . 001 ) ,  We fin d  th a t L i s  very s e n s i t iv e  to  
the metal abundance Ze ( 0 . 0 0 1 6  Ze 6 0 . 0 1 ) ,  and consequently for
(M = 0 . 60 ,  Me «* 0 . 475 ,  Ye 0 . 3 ) ,  drops from 4.94 x 10^ years to
4,45 X 10  ^ years as Ze drops from 0 .01  to 0 .0 0 1 . The change in  p h ysics
causes l i f e t im e s  in  s e t  Z to be s l ig h t ly  sh orter  than those in  s e t  W.
From the evo lu tionary  sequences ca lcu la ted  we fin d  th a t the Carson 
o p a c it ie s  do not have a s ig n if ic a n t  e f f e c t  on the d ir e c t io n  o f  ev o lu tio n  
in  the (L-T & ^  ) plane* However we fin d  that they reduce the th ickness  
o f  the th e o r e t ic a l h o r izo n ta l branch for a given s e t  (Mo, Ye , Ze) and lead  to 
a su b sta n tia l reduction  in  h o r izo n ta l branch l i f e t im e s .  The dependence o f
tryjg on to ta l  mass and m e ta l l ic i ty  i s  a lso  m odified.
.-.A -'''1 ~V5: ~ *ÆW' ' 4' v: .*V.CIIv-ÿV- -''Z.., -J j.- . ,t ■'
11 ù
T a b le  4 .1 2  1
Summary o f evolu tionary sequences for  h o r izo n ta l branch s ta r s .  The 4
sequences' are grouped according to 1) m e ta ll ic i ty  Ze; 2) helium -core mass, Me ; j 
and 3) envelope helium  abundance Ye. Columns show 1) , Total mass o f  s ta r
in  so la r  u n its ;  2) , h o r izo n ta l branch l i f e t im e  in  u n its  o f 10  ^ yea rs; ,
3) F raction a l time spent in  the RR Lyrae in s t a b i l i t y  s tr ip  ; 4 ) , 5 ) , 6 )  and%
zero-age va lu es for  the e f f e c t iv e  tem perature, to ta l  lu m in osity , helium -core #
lum inosity  and su rface g ra v ity . Columns 8) 9) and 10) g iv e  the upper and lower || 
l im its  and the range for  the e f f e c t iv e  temperature during h o r izo n ta l branch %
ev o lu tio n . Columns 11) and 12) g ive  the time averaged mean e f f e c t iv e  temperature(| 
and lu n in o s ity  during horizonta l-branch  ev o lu tio n . Columns 13) and 14) g iv e  4 
the r e la t iv e  abundances by mass o f  ‘^ 0 and ^He a t the end o f  the evo lu tion ary  ÿ
sequence. E ffe c t iv e  temperatures and lu m in o s it ie s  are given in  logarith m ic 4
u n its ,  the lum inosity  i s  a lso  in  so la r  u n its .
I
Table 4.13 I
E xtracts from evo lu tion ary  sequences for  h o r izo n ta l branch s ta r s .  The I
sequences are grouped as in  ta b le  4.11.  The ta b les  show (column 1) time in  |
yu n its  o f 10 y ea rs , (2) e f f e c t iv e  tem perature, (3 -5 ) t o t a l ,  helium -core and 
h ydrogen-shell lu m in o s it ie s , (6) su rface  g r a v ity , (7) cen tra l helium and "
(8) cen tra l oxygen r e la t iv e  mass abundances, (9) mass w ith in  the con vective  core <
and (10) mass in te r io r  to the hydrogen-burning s h e l l .  Masses are a l l  g iven  in  4-I
so la r  u n its . Other u n its  are as for  ta b le  4 .12.  4
Table 4.14 -^W
Summary o f evo lu tionary  sequences for  h or izo n ta l branch s ta r s  w ith  lim ite d  |
convective core s iz e  and carbon-enriched hydrogen s h e l l .  D e ta ils  are as fo r  4
Îta b le  4.12.
Table 4.15 J
E xtracts from evo lu tionary  sequences for  h or izo n ta l branch s ta r s  summarised 4
rn tp b le  4 ,14.  ^
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T a b le  4 .1 3
M=0. 54 fiG = 0 , 4 7 5 Y = iL.3 Z=Ô.01UU
t 7 Tef  f L LHe LH 0 Yc X16C Mcc M6h - ' t
0 , 0 0 0 3 . 9 7 4 6 1 , 5 9 3 1 . 181 1 . 3 8 0 3 . 4 3 5 0 . 9 7 1 U.0Ü5 0 . 1 0 7 0 . 4 7 5
0 . 4 5 5 3 . 9 7 5 2 1 , 6 0 1 1 . 201 1 . 381 3 . 4 3 0 0 . 9 0 3 U . 0 0 6 Ü . 1 0 7 0 . 4 7 5
1 , 1 3 0 4 . 0 0 4 6 1 . 5 7 8 1 . 2 4 0 1 , 311 3 . 5  70 0 . 8 0 1 U.U10 0 . 1 1 3 0 . 4 7 5
1 , 7 8 0 4 . 0 4 5 1 1 . 5 3 0 1 . 2 8 0 1 , 1  n 3 . 7 8 U 0 . 6 9 4 U . 0 1 7 0 . 1 1 3 0 . 4 7 5
: 2 . 3 3 0 4 . 0 6 7 4 1 , 4 9 ) 1 . 3 1 4 1 , 0 1 6 3 . 9 0 8 0 . 5 9 7 0 . 0 2 7 U. 113 0 . 4 7 5
2 . 8 3 0 4 . 0 7 5 3 1 . 4 6 9 1 . 3 4 5 0 . 8 6 4 3 . 9 6 1 U . 5 Ü S U.041 0 , 1 1 3 0 . 4 7 5
3 . 3 3 0 4 , 0 7 3 9 1 . 4 6 2 1 . 3 7 3 0 . 7 3 0 3 . 9 6 4 . 4 v,i 4 O . 0 6 0 0 , 1 1 3 0 , 4 7 5
3 , 8 3 0 4 , 0 6 7 3 1 . 4 6 5 1 . 4 0 4 0 , 5 8 2 3 . 9 3 4 0 . 2 9 9 U.Ü88 0 . 1 1 3 0 . 4 7 5
4 , 2 8 0 4 . U 5 9 4 1 . 4  78 1 . 4 2 8 0 , 5 1 4 3 . 8 9 0 0 . 2 0 2 0 . 1 2 5 0 . 1 1 3 0 . 4 7 5
4 , 7 3 0 4 . 0 5 0 4 1 . 5 0 9 1 . 4 5 1 0 . 6 0 6 3 . 8 2 2 0 . 1 0 3 U . 1 8 5 0 . 1 1 3 0 . 4 7 5
5 . 3 4 2 3 , 9 3 0 1 1 . 7 4 0 1 . 4 5 6 1 . 4 2 1 3 . 1 1 0 O.fKHü 0 . 3 3 9 [,). 11 3 0 . 4 7 5
5 , 3 4 2 3 , 9 3 0 1 1 . 7 4 0 1 . 4  56 1 . 421 3 . 1 1 0 o . ü u e 0 . 3 3 9 . 0 , 1 1 3 0 . 4 7 5
?" ■ ' H;sü, 5 8 l'i c - 0 . 4 7 5 1 = 0 . 3 2=n.O'100
1
Ê
t 7 T o f f L LHe LH g Yc X16C HCC Msh
U.OOO 3 , 6 2 3 3 1 . 7 0 3 1 . 1 7 6 1 . 5 5 0 1 . 9 5 1 0 , 9 7 1 0 . 0 0 5 0 , 1 0 0 0 . 4 7 5
0 , 4 8 0 3 . 6 2 0 2 1 . 7 2 3 1 . 1 9 8 1 . 5 6 9 1 , 9 1 8 0 . 9 0 0 U,UU6 0 , 1 0 7 0 . 4 7 5
1 , 1 3 0 3 . 6 3 2 1 1 . 7 0 6 1 . 2 4 3 1 . 5 2 3 1 , 9 8 3 0. 8U1 0 . 0 1 0 0 . 1 1 4 0 . 4 7 5
1 , 7 3 0 3 , 6 6 4 6 1 . 6 ^ 7 1 . 2 8 6 1 . 4 5 0 2 . 1 4 2 0 . 7 0 1 0 , 0 1 6 0 . 1 1 4 0 . 4 7 5
. 2 , 2 8 0 3 , 7 1 7 9 1 . 6 4 8 1 . 3 2 5 1 , 3 u 8 2 . 3 8 4 ü . 6 ü 2 0 . 0 2 7 0 , 1 1 4 0 , 4 7 7
&. 780 3 , 7 7 8 2 1 . 6 2 1 1 , 361 1 .27!) 2 . 6 5 3 n . 506 0 . 0 4 0 0 . 1 1 4 0 . 4 7 73 , 3 3 0 3 . 8 1 7 5 1 . 5 9 8 1 . 3 9 9 1 . 1 6 3 2 . 8 3 2 0 . 3 9 4 0 , 0 6 3 0 . 1 1 4 0 . 4 8 0 '#a ;  730 3 , 8 3 3 4 1 . 5 8 8 1 . 4 2 6 1 . 0 8 1 2 . 9 0 7 U . 3 0 5 0 . 0 8 6 0 . 1 1 4 0 . 4 8 0 %
4 , 1 8 0 3 , 8 3 3 4 1 . 5 9 0 1 . 4 5 6 1 . 0 1 4 2 . 9 0 4 U . 2 0 5 0 . 1 2 4 0 , 1 1 4 0 . 4 8 0
4 , 4 0 5 3 , 8 0 2 0 1 . 6 2 0 1 . 4 f 8 1.1)65 2 . 7 4 9 U . 1 1 2 0 . 1 8 0 0 , 1 1 4 0 . 4 8 0
5 , 2 4 3 3 , 6 1 3 7 1 . 8 3 6 1 . 4 8 2 1 . 5 8 2 1 . 7 7 9 U . 0 0 9 0 . 3 4 1 0 . 1 1 4 0 , 4 8 0
M::0, 5 4 l'i c =0 . 4 7 5 Y = ( ) ,3 4 = 0 . 0 0 1 U $
t 7 Tef  f L LHe LH g Yc X1 6c Mcc M s h
U.OOO 4 , 2 2 4 4 1 , 4 2 5 1 . 2 2 2 0 . 9 9  7 4 . 6 0 2 i ) . 9 7 l 0 . 0 0 0 0 . 1 0 7 0 , 4 7 5
0 , 4 5 0 4 , 2 2 3 7 1 , 4 1 8 1 . 2 4 3 0 . 9 3 9 4 . 6 0 0 0 . 8 9 6 0 . 0 0 2 0 . 1 0 7 0 . 4 7 5
.1 1 . 0 5 0 4 . 2 2 1 1 1 , 4 1 0 1 . 2 7 5 0 . 8 3 7 4 * 6 H 4 0 . 7 9 3 0 , 0 0 6 0 . 1 1 3 0 . 4 7 5
1 , 5 5 0 4 . 2 1 7 7 1 . 4 0 7 1 . 3 0 1 0 . 7 4 3 4 . 5 9 3 0 . 7 0 3 0 . 0 1  2 0 . 1 1 3 0 , 4 7 5 -A
t 2 , 0 5 0 4 , 2 1 2 5 1 , 4 0 9 1 . 3 2 8 0 . 6 4  v,i 4 . 9 7 1 0 . 6 0 7 ().Ü21 0 . 1 1 3 0 . 4 7 5
2 . 5 5 0 4 . 2 0 5 8 1 . 4 1 6 1 , 3 5 n 0 . 5 2 7 4 . 9 3 7 U . 5 0 6 0 . 0 3 5 0 . 1 1 3 0 . 4 7 5> 3 , 0 5 0 4 . 1 9 7 4 1 . 4 2 9 1 . ) Ü 5 0 . 4 1 3 4 . 4 9 0 C . 3 9 7 0 . 0 5 6 0 , 1 1 3 0 . 4 7 5
3 , 4 5 0 4 , 1 9 0 0 1 . 4 4 4 1 . 4 1 0 0 . 3 2 1 4 . 4 4 3 0 . 3 U 4 0 . 0 8 0 0 . 1 1 3 0 . 4 7 5
3 ; 85U 4 . 1 8 3 U 1 . 4 6 5 î . 4 3 5 0 , 2 8 9 4 . 3 9 7 U . 2 0 4 U . 1 1 5 0 . 1 1 3 0 . 4 7 5
4 , 2 5 0 4 , 1 8 0 4 1 . 4 9 7 1 . 4 6 2 U. 386 4 . 3 5 4 O. 093 0 , 1 7 7 0 . 1 1 3 0 . 4 7 5
4 , 4 7 5 4.17(^3 1 . 6 3 9 1 . 4  65 1 . 1 5 8 4 . 1 3 0 U . 0 0 8 0 . 3 U 9 0 . 1 1 3 0 . 4 7 5
4 . 6 7 5 4 . 1 7 2 3 1 , 6 3 9 ) . 4 1> 5 1 . 1 5 8 4.1ÜÜ 0 , 0 0 8 U.3UV 0 . 1 1 3 0 . 4 7 5 y'I
T a b le  4 . 1 3  ( c o n t d . )
M = 0 . 58 i4c = ; .47 5 Y:M,,3 z=(; .Oui  H
t? Te f  f L L e U.Î1 Ç; Yc XI 6c MCC fash
, Ü.OOU 4.0386 1 .644 1.214 1 ,442 3.671 i) .971 U.OOO U.1U7 0 .4 7 5
U.45U 4 .0372 1 ,650 1 .237 1 . 4 3 8 3 » 6 6 u u . S 9 b 0.0U2 0 .107 0 ,475
1 .05U 4 .0438 1 .645 1 , ? f 2 Î , 4 u 6 3 .6 9  1 0 .799 0 .0 0 6 U.114 0 .4 7 5
i  .60U 4,0577 1 .626 1 , 306 1 .343 3.  7o5 0 .702 0 .012 0 .1 1 4 0 ,475
2 . Î5 U 4 .0714 1 .404 1 .343 1 .259 3 .842 V, 5 9 8 U.023 0 . 1 1 4 0 ,475
2 ,6 5 0 4 .0807 1 .584 1 .379 1.159 3 . 91) 0 0 .492 0 .038 U , 1 1 4 0 .4 7 5
3 ,0 5 0 4 ,0837 1 , 5 f 3 1 . 4  wH 1.i ;73 3 .922 0.40U 0 .0 5 6 0 .114 0 ,475
a , 450 4,0824 1 .571 1 .43 7 0 .995 3 ,920 0.3ÜU 0.081 U . 1 I 4 0 .4 7 5
3 .8 5 0 4.0761 1.581 1 .467 U.944 3.%84 0.1 V1 0 ,1 2 0 0 .1 1 4 0 .4 7 5
4 ,1 5 0 4 .0637 1 .614 1 .487 1 .018 3 .^ 0 2 U.098 0,171 (). 11 4 0 .4 7 5
4 ,5 5 0 3 ,9319 1 .813 1 .477 1 .544 3.U76 Ü.009 0.301 0 ,114 0 .475
M = 0 , 6 2 Me- 0 .475 Y = 0 ,3 Z = (!. 0(J1 0
t? Tef f L L ri e LH 9 Yc x i  6 c Mcc 1^‘i s h
, 0 .0 0 0 3 .8395 1 .74') 1.2uft 1 .590 2.>H)7 Ü.9 71 O.OUO 0 .1 0  7 0 .475
0 ,4 3 5 3 ,8 2 4 7 1.756 1 .230 1 .602 2.733 H.902 U.ifOZ 0 .10? 0 .4 7 5
1 ,085 3 ,8 4 1 9 1 .754 1 .272 1 .580 2 .8 v3 : ' .7v5 U.006 0 ,1 1 3 0 .475
1 ,635 3 .8 8 3 6 1 .734 1 .312 1 .527 2 .990 U.698 U.(M3 0 ,1 1 3 0 ,475
2 ,135 3 .9187 1 .711 1 .350 1 .463 3 .154 U.6U2 0 .0 2 3 0 ,1 1 3 0 .4 7 5
/ 2 , 6 3 5 3 .9444 1 .690 1.387 1,391 3 .278 0 .4  98 0 .0 3 8 U . 1 1 3 0 ,4 7 5
3 ,0 8 5 3 .9616 1 .674 1 .423 1 .31 6 3 .363 0. 598 0 ,0 5  7 0 ,1 1 3 0 .475
3 ,485 3 ,9665 1 .66% 1 .452 1.261 3.388 Ü.3U3 0 ,082 0 ,113 0 .4 7 5
\ 3 ,8 8 5 3 ,9 6 5 3 1 .6  71 1 .461 1 .220 3.3X0 0.2U3 0 ,119 Ü.113 0 .4 7 54 ,885 3 ,9437 1 .702 1 .505 1 ,264 3 .2o3 Ô.10Ü 0,1  ÜU 0 .1 1 3 0 .475
4 ,7 1 0 3 ,7494 1 .862 1 .499 1 ,61 5 2 .326 0 , U1 2 0,311 0 , 1 1 3 U.475
M = 0 , 66 MG=U.4 75 Y2f).3 2 = 0 ,0 0 1 U
t7 Tef f L LMe LH Yc XI 6c M C C Hah
0 .0 0 0 3 ,7150 I . 7 6 6 1 .2 (5 1 .654 2 .29  1 (J.9 71 O.llUU Ü.107 0 .4  756,450 3 ,7069 1 .803 1 .228 1 .669 2 .242 U.900 U.0U2 U.1U7 0 .4751 ,050 3,7124 1 .804 1 ,2 o y 1 .654 2 .2o3 0.8U3 0.UU6 0 .1 1 4 U.475
1 ,625 3 .7340 1 .780 1 .313 1 .608 2.367 u.'7UZ 0 ,0 1 3 U.114 U.4752,150 3 ,7788 1 . 765 1 .35  7 1 .550 2 ,567 Ü.6U2 0.Ü23 0.114 0 .4752,650 3.8231 1 .746 1 .399 1 .467 2 .7o3 0 .498 0 .0 3 8 0.114 0 .4 7 53,075 3 ,8463 1 .734 1 .433 1 ,433 2 .868 0 .4 0 3 0 .0 5 7 0 ,1 1 4 0 ,475
3 ,5 2 5 3 ,8 6 5 3 1 .724 1 .470 1 ,3 7 0 2 .954 0 .295 0 .085 0 .1 1 4 0 ,4753 .900 3 .8594 1 .730 1 .497 1 .348 2 .924 0 .2 0 4 Ü.12U 0 .114 0 .4  75
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$ .5 0 0 3 .9239 1 .271 1 . 2 6 7 - 0 . 7 6 7 3.538 0 .393 U.U64 0 .1 0 0 0 ,4 7 5 ' -m4 ;  000 3 ,9016 1 ,293 1 . 2 8 9 - 0 . 7 4 5 3 .427 U.296 0,091 0.11)0 0 .4 7 5; 4 ,5 0 0 3.8801 1 ,3 1 6 1 . 3 1 4 - 1 . 0 2 2 3 .318 0 .1 9 4 0.131 Ü.luo 0 .4 7 5'^^4.900 3 ,8706 1 .338 1 . 3 3 5 - 0 . 8 2 4 3 .2 5 8 0 .107 U.182 0 .1 0 0 0 ,475v#.400 3.9081 1 .396 1,364 0 .2 4 7 3 .350 0 .007 0 ,3 2 2 0 . 1 1)0 0 .4 7 5
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U.UOU 3.6925 1 , 3u4 1.14 2 U.797 2 ,61 2 0.971 Ü, 005 0.1  IM) 0 .4 7 5 ' f- -i
U.475 3.696Ü 1 ,296 1 .159 0 .7 2 ^ 2 . 637 0 .8 9 9 i).()P6 0 ,0 9 4 0 .4 7 5
1 ,U75 3.69VÜ ) .288 1 .184 0.61 (' 2 .653 0 , 8ü5 U.0U9 P.1UU 0 ,4754 ' 1.675 3 ,6968 1 .284 I . Z i l h 0 .4  90 2 .649 P,7U7 ( ; , n i 6 0,11)0 0 .4 7 5
2 .275 3 e 0 6 V 6 1 .284 1 .234 0 .3 2 0 2 .619 ù . 6 U 4 0 .027 V.1UÜ 0 .475
2 ,875 3,6791 1.292 1 .259 P.156 2 .5  70 (j . 495 0.[ )43 0.1  IX) 0 .4 7 5
ÿ.' 3 ,375 3 . 6 6 / 3 l .3 ( )6 ( , 2 -'J '1 0.0U3 2.512 C',399 0 .0 6 2 0,1  UO 0 ,4 7 5 f3 ,875 3 ,6576 1 .3 1 8 1 , - 0 .1 ( 1 2 .458 0 ,2 9 9 0.U9Ü 0.1 UO 0 .4 7 5
4 ,3 7 5 3 ,6465 1 .338 1 .3 2 7 " 0 .264 2,394 0 ,193 0.131 0,1  ()0 0 ,475î‘ r. , 4 ,775 3.641P 1 .359 1, 340" Ü.243 2.350 0 ,102 0 .185 0.1  (X) 0 .4 7 5
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t ? Te f  f L L 11 6 Lit y Yc A 1 6 c Mcc T' i S i l i
U.UOU 3 .6447 1 .321 1 .14% 0 .8  50 2.6  Ni 0 .9  71 0 ,005 0,1 OU U.Y$75 :
U.475 3 , 6 4 0 5 1 .315 1,1(01 0 .7 9 2 2.431 L .898 U « 0 u 6 0 ,094 0 .4 7 5
1 ,125 3 ,6 4 8 2 1 ,3u7 1 . 1 88 0 ,6 8 7 2.447 0 .794 0 .0 1 0 Ü.1U0 0 .4 7 5
% ; 1 , 7 2 5 3 ,6485 1 .301 1 .213 0 .564 2 .454 0 .695 0 .0 1 7 U.1UG 0 .475 ÿ2 ,225 3 ,64  7 4 1 .299 1 .2^35 0 .430 2.4  5) O.ôUo 0 ,026 U.1UU 0 .4 7 5
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' ' u? t 7 T e f  f L LHe LH 9 YC X1 6C Mcc M@h
:" U ,0 0 0 3 .7313 1,468 1 .140 1 ,1 9 2 2 ,603 0.971 0 ,0 0 5 0,11)0 0 .4 7 5
.:' U,45U 3 .7398 1 ,4 6 4 1 ,1 5 9 1 .167 2.641 D.9U3 0 .0 0 6 0 ,0 9 4 0 ,4 7 5
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\ ' . 4 , % 0 0 4 ,2 3 7 0 1 ,313 1 , 311 - 1 ,0 2 5 4,731 0 ,1 9 9 0 ,1 22 0.1  (HI 0 .475te ' :  :&,fOQ 4 ,2 4 1 9 1 .341 1 ,339 - 0 . 9 9 7 4 .7 2 3 0 .0 9 0 0 .1 9 0 0,101 0 .4 7 5I ‘ te .X3,150 4 ,2 8 7 7 1 .390 1 .364 0 ,154 4 . 8 5 7 U.VU7 0.321 0.101 0 ,475
; !
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MsO, 52 Mc =U . 4 f 5 Ysu.3 Z = 0 .0 1 00
t r T e f f L LHe LH 9 Yc XI 6c Mcc Ms h
U.O.QU 4 ,1 8 8 4 1,361 1 .144 0 .956 4.  506 U.971 0 .0 0 5 0 .1 0 0 0 .4 7 5
..Ü.47S 4.1911 1 ,342 1 .163 0.671 4 .536 0 .6 9 7 0 .0 0 6 0 .0 9 4 0 ,4 7 5
• i , . o r s 4 . 1 9 Î 2 1 .322 1 .190 0 .7 4 0 4 .556 0 .7 9 9 O.U10 0 .0 9 9 0 .4 7 5
1 .67$ 4 .1863 1 .31 0 1 .216 0 .5 9 9 4 .556 U.697 0 .0 1 7 0 .1 0 0 0 , 4 7 5
■■' '^•"g.zrs 4 ,1820 1 .3 0 7 1 .244 0 .4 3 7 4 ,5 3 4 0 .584 0 ,0 2 8 0 .1 0 0 0 ,4 7 5
■ t / É . é r s 4 ,1762 1.311 1.264 Ü.322 4 .5 0 7 0 .5 0 3 0 .0 3 9 0 .1 0 0 0 ,4 7 5
3 ,275 4 .1655 1 .326 1.295 0 .164 4 .450 0 .3 7 0 o . o è s 0 .1 0 0 0 .4 7 5
• '■ à .s r s 4 ,1599 1 .3 3 7 1.312 0 .085 4 .4 1 6 U.3U1 o . a & s 0.1  OU 0 .4 7 5
- 4 .0 7 5 4 .1530 1 ,360 1 .337 0 .0 7 2 4* 3 6 6 0 .192 U.1 25 Ô.1U0 0 .4 7 5
■i';^.47S- 4 ,1 5 2 9 1 .3 9 0 1 .360 0 .2 1 4 4 .335 0 .098 U.1S2 Ü.100 0 ,475
4 . 9 5 0 4 .1252 1 .6  16 1.371 1.251 3 .998 0 .008 U . 3 1 8 0 .1 0 0 0 .4 7 5
MsO. 54 Mcs:ü,4r5 Y=0.3 4sO,0 lüO
t ?  
U.OOO r ; 0.450
4 i i ': :S î t
T e f f
^ , 9 9 4 3
4 . 0 0 1 5
4 , 0 2 3 1
4 . 0 5 5 34,0789
4 . 0 8 8 7
4 , 0 9 1 2
4 . 0 8 6 1
4 , 0 8 0 5
4 . 0 7 0 7
3 , 9 5 7 8
L
1 . 5 6 6  
1 , 5 6 6  
1 , 5 4 8  
1 . 5 0 6  1 , 4 6 3  
1 . 4 3 6
1 . 4 2 1
1 . 4 2 1  
1 . 4 3 8  
1 . 4 8 4  
1 . M 2
L H e 
1 . 1 3 8  
1 . 1 5 7  
1 , 1 8 9  
1 . 2 2 3  
1 . 2 5 8  
1 . 2 8 6  
1 . 3 1 4  
1 . 3 3 6  
1 . 3 6 5  1 , 3 8 9  
1 . 3 9 3
LH 
1 . 3 6 3  
1 . 3 5 1  
1 . 2 9 8  
1 , 1 8 6  
1 , 0 3 8  
0 . 9 0 1  
0 , 7 6 0  
0 . 6 7 1  
0 . 6 2 8  
0 , 7 7 7  
1 . 4 2 8
Ç)
3 . 5 4 1
3 , 5 7 0
5 , 6 7 4
3 . 8 4 5
3 . 9 8 24 .0 4 9
4 . 0 7 3
4 . 0 6 1
4 . 0 1 3
3 . 9 2 83 . 2 4 8
Yc
0 , 9 7 1
Ü . 9 0 3
0 . 8 0 6
0 . 7 U 5
0 , 5 9 6
0 , 4 9 9
n , 3 9 6
0 . 3 0 80 , 1 9 0
0 . ( )85
0 . 0 1 1
l i :
B a t
' / -, . t r
' rya»QPÛ1
y .'.,'; : . '^  4 * 2 6 9
T e f f
3 , 7 3 2 03,7326
3,7941
3 , 8 7 2 8
3 , 9 2 2 5
3 . 9 5 1 13.9691
3 . 9 7 6 53,9719
3 . 9 5 3 33 . 8 0 0 7
L1 ,654  
1 .665  







1 .5 6 4  
1 .7 3 6
LHe 
1 .134 








1 .400  
1 .411
Lii 
1 .498  
1 .505 
1 .461 
1 .375  
1 .286  
1 ,1 9 8  





g2 . 4 2 02 . 4 1 1
2 .674
3 , 0 2 6
3 .259
3 . 3 9 9
3 . 4 9 1
3 . 5 3 1
3.5()5
3 . 3 9 5
2 ,613
Yc 
0 . 9 7 1  
0 , 9 0 2  
0 , 8 0 1  
0 . 6 9 9  
0 . 5 9 8  
0 . 4 9 9  
0 . 4 U 5  
0 . 3U1  
0 , 1 9 8  
U.1 U6 
0 . 0 1 8
X1 6c  
0 , 0 Ù5  
0 , 0 0 6  
0 , 0 0 9  0 . 0 1 6  
V . 0 2 8  
0 . 0 4 2  
0 , 0 6 2  
0 . 0 8 6  
0 , 1 3 0  
0 . 1 9 3  
U . 3 1 3
X1 6 c 
0 . 0 0 5  
0 , 0 0 6  
0 . 0 1 0  
0 , 0 1 7  
0 , 0 2 8  
U . 0 4 3  0 , 0 6 2  
0 , 0 9 0  
0 . 1 3 1  
0 . 1 8 8  
0 . 3 1 7
Mcc0 , 1 0 0
0 , 0 9 4
U.1UU0 , 1 0 0
0 , 1 0 0
0 , 1 0 00.1U0
0 . 1 0 0
0 . 1 0 0
0 , 1 0 0
0.1ÜÜ
MCC 0 . 1 0 0  
0 ,0 9 4  
0 .1 0 0  
0 . 1 0 0  
0 , 1 0 0  
0 , 1  uo 
0 , 1 0 0  
0 , 1 0 0  
0 . 1  vo  
0 , 1 0 0  
0 . 1 0 0
Me h 
0 , 4 7 5  
0 , 4 7 5  
0 . 4 7 5  
0 . 4 7 5  
0 , 4 7 5  
0 , 4 7 5  
0 . 4 7 5  
0 . 4 7 5  
0 . 4 7 5  
0 , 4 7 5  
0 . 4 7 5
Mah
0 . 4 7 5 .
0 , 4 7 5
0 . 4 7 5
0 . 4 7 50,475
0 . 4 7 5
0 . 4 7 5
0 , 4 7 5
0 . 4 7 5
0 .4 7 5
0 .4 7 9
I
, a
L -, ' y ... -'A M'ità a-?:', ‘ %
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Table 4.15 (contd.)
M=U. 56 f c =U.4 75 Y = ( , 3 1 Ou
t r T e f f l Lhfc ç Yc XI OC Hcc i-'isn
U.UOU 3.6275 1 .688 1 .132 1 .547 1 .90^, 0 .97  1 U.UU5 Ü , ) UU 0 .475 JU.462 3 .6254 1 . 7U3 1 ,153 1 .559 1 .95 9 U.9U2 U. (306 U.U94 0 .475
1 .112 3^6 4U3 I ,692 1 .1 V 4 1 .526 2 . Ü3U 0,  799 U.U1U 0 . 1 13U 0 ,475
1 ,713 3.6711 1 .668 1 .232 1.4  7() 2.1 7 7 C.7UU U.017 0.1 üü 0 ,475
2 .262 3 .7334 1 .639 1.2 71 1 .396 2 .455 ;»,601 0 ,0 2 8 0,1  (X) U.475
2 .787 3 .7942 1 .612 "1 .3 i '5 1 .317 2.725 i) , 500 0.Ü43 0 . 1  ou 0 .475
^ .2 6 2 3 ,8 3 6  6 1 ,589 1.33 7 1 .233 2 .918 0.4U3 0.U62 0.1 IX) 0 .4 8 0
3 .7 6 2 3 .6577 1 , 5 7 7 1 .366 1 .159 3 .0 )4 U.297 0 ,092 u , 1 uC 0 .4 8 0
4 .2 1 2 3 .8589 1 . 5 M 2 1 .395 1 .1 26 3.( j14 0 .198 0 .131 0.1U0 0 ,4 8 0
4 .6 3 7 3 .8257 1 .6  19 1.41 7 1 .189 2.P45 U.1U3 0.191 u . 1 00 ü . 4 8 u
1" 5.U5U 3.6622 1 .744 1 .42 6 1 .459 Z.OoS 0.Û29 U.288 0 ,100 u.48(; i
V H=0. 6U Me" U.4 7^ 1=0 .3 Z ~ 0 , 0 i 0 0
■ t? T e f f L L 6 Lh a 7 C XI 6C Mcc M s h
U.UÜU 3,6125 1 . 7 ) 0 1 ,131 ) .577 1 .9 ) 5 U.971 U.ÜUü u.1  00 U.475 '--'Jîi
U.462 3.61Ù5 1 ,727 1 .152 1 .593 I.HYi) 0.9U2 u ,n u 6 0,094 0 .4 7 5 ■ '%
1 .1 1 2 3.6161 1 ,714 1 .195 1 .557 1 .420 0 ,8 0 2 U.ÜIU U,1U0 0 .4 7 5
1 ,713 3 .0  2 5 8 1 ,692 1 .2  3 6 1 .505 1 .986 U.7U3 u .0 1 7 0 ,100 U.475
2 .2 8 7 3 .6430 1 ,6  70 1 ,275 1 , 4 4 i> 2 .078 U,6UU U.U28 u,1<}0 0 .4 7 72 .6 3 8 3.66U9 1 ,654 1,312 1 .390 2.1 65 0 ,494 0 .0 4 4 U.lOO 0 .4  77
3 .3 1 3 3 .6819 1 .639 1 .345 1,331 2 ,26  4 0 ,3 9 6 U,Ü04 0 . 1  uu U.477
3.1^38 3 ,6978 1 .632 1 .372 1 ,286 z , 3 3 5 0 .  3u4 U.09U u , 1 00 0 .477 '.'4)4 .2 1 2 3 .7073 1 .633 1.4(12 1 .248 2 .372 u ,2 o u 0 ,1 3  1 0,1  00 0 .4 7 7
4 ,6 6  3 3 .6 7 7 d 1 , 6ù6 1.4^:7 1 ,293 2.221 U,1U3 0 ,192 Ü,1 uo 0 ,4 8  5
3 .212 3 ,5976 1 .874 1 .434 1 .67 8 1 ,692 0 , Uu9 U,341 0,1  uo 0 ,4 8 5
MaO. 6 2  ^! C U , A i' 5 Ya iJ . j 4SU.U 1 OU
t r T e f f L.- iJU: L M Yc XI 6C MCC
u . u o u 3 .6044 1 .729 1.1 3(; 1 ,6U3 1 .878 0 ,9  71 u,0U5 u . l u ù 0 ,475
u • 4 5 6 3 .6020 1 .746 1 .1 5 ) 1 .619 1 . Ü 5 2 0 ,9 0 3 U.UUÔ ü. 094 0 .4 7 5
1 .1 0 6 3.6071 1 .735 1 .194 1 .588 ! .%ü3 U , 0 (,) 3 U.Ü1 ü 0.11X3 U.475
"t 1,731 3 .6138 1 ,713 1 .238 i . 536 (.931 0 .699 0.01 7 0 .1 uo (),4 762.281 3.62U1 1 ,694 1.2 7 7 1 .4 84 1 ,976 U.601 0 ,0 2 8 Ü.HJO U «  4 7 6
2*806 3 .6240 1 .  6 K 5 1 ,31 ( 1 , 4 4 0 2 . ou i u ,  5uu U. ü 4 3 u ,1 0 0 0 .4  76
3 .3 0 6 3 .  6 3 4 9 ] ,  6 G  5 1.3<»7 1 .380 2.Uo5 0 ,398 U ,  064 0.1  MU 0 A 4 7 6
3 .7 5 6 3 f  6443 1 .655 1 .379 1 .327 2.112 0 .2 9 9 0.091 0 , 1  uo U ,  7k84
4 .2 0 6 3 .6  4 31 1 ,  6 6 i 1 ,40  H 1 .3 K ) 2,1,99 0 ,1 9 6 U.132 U.1UU 0,484
4,631 3.6311 1 .694 1 ,431 ( .351 2,::2U 0.1  U2 U.192 0,1 LX3 U .484
5.U56 3.6034 1 ,813 1 . 4 H 5 1 .571 1 . V 1 0 .0 2 3 U.30U 0.1  OU U «  4 8 4
i
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T a b le  4 .1 5  ( c o n t d . )
r = u , 5' ;  i:C = ( f « 4 f 1) Y 1 ' * 2 Z = ' ■ » ‘ u . 1 1;
t r T e f f L LHe l.i' YC X 1 o c MCC Msh
U.VUU 4 » 2 9 y 4 1 . 1 j b ! ,1 '1 u*»'f. 60 ) 5 . 1 5 6 U . 9 7 1 u  . U 0 0 U.1 101 0 . 4 7 5
0 , 5 2 5 4 . 2 9 5 2 ) . 152 1 . 1 4 6 - 0 . / 1 , 5 . l 2 b 1 : , 192 V.fhvZ ü . l j V4 0 . 4 7 5
1 . 2 2 5 4 , 2 8 8 6 1. 1  7 7 1 * t 7 2 - 0 . 7 6  4 5 , 0  74 t : . 7  7Y U.(4J7 0 , 1 ( 0 ) 0 . 4 7 5
1 , 6 2 5 4 , 2 X 4 6 1 . 1 9 2 1 , 1 6 0 l * , bH 6 5 , - 4 3 u ,  712 0 . 0 1  ) U.1  UO 0 . 4 7 5
2 , 2 2 5 4 . 2 7 8 5 1 , 2 1 5 1 . 2 1 2 - 0 . 9 4 7 4 , y V 5 u . 7;U,5 0 , 0 2 2 IJ.1U1 0 . 4 7 5
2 . 8 2 5 4 . 2 7 1 4 1 . 2 4  1 1 . 2 3 9 - 1 .LV7 4 « V 4 1 '.; .4  96 J , ( ) 3 # 0 . 1  01 0 . 4 7 5
3 . 4 2 5 4 , 2 6 4 3 1 ,2üV 1 . 2 6 7 - 1 . 0 6 9 4 .  K( 5 V. 375 o , (;62 Ü , 1 0 1 0 , 4 7 5
3 , 8 2 5 4 , 2 6 0 0 1 . 2 9 0 1 . 2 % 9 . ) , 3 4 8 4 , ' i 4 a >.2ü3 u . ( ; ü 7 u . 1  01 0 . 4 7 5
4 . 2 2 5 4 . 2 5 7 4 1 , 3 1 ) 1 . 3 1 2 - 1 . 3 2 5 0 . 1  V2 M.122 u ,1Ü1 0 , 4 7 5
4 . 6 2 5 4 . 26U1 1 , 3 3 4 1 . 3 3 3 - 1 ,3i ;4 4 . )U2 u , 1 u6 0 . 1  74 u . 1 0 1 ( f . 475
5 , 1 2 5 4 , 2 9 8 1 ( . 3 ù f 1 ,3'., l - ù . 4 2 . 8 4 .  920 U, O'.M 0 , 3 1  2 0 , 1  U1 0 , 4 7 5
5 2 i!c = 0 . 4  75 Y = 0 . 2 / , U01U
t 7 T e f t L L.î‘tf:' Lf" g: Yc X1 6c MCC )48hU.UOU 4 , 2 3 1 2 1 . 21  4 1 , 1 5 )  U.32' , 4 . 1 2 5 t ' . 9 7 l O.fjUU U.lfXj 0 , 4  75
u . 4 7 5 4 , 2 2 7 4 1 . 2 1 4 1 . 1 6 9  0 . 2 U 7 4 â ' 9 " . 8 9 6 0 . 0 0  2 U.U94 0 , 4 7 5
1 , 0 7 5 4 , 2 2 1 0 1 . 2 2 4 1 . 1 9 2  0 . 0  75 4 . 7  r 4 J . 7 9 8 U.UU6 U.U99 U . 4 7 5
1 , 7 7 5 4 . 2 1 2 ? 1 . 2 4  1 1 , 2 2 u - H , 0 0 'J 4 . 7 2 1 U , 6 7 7 u . ( H 5 0.1UO 0 . 4 7 5
2 , 1 7 5 4 , 2 0 6 2 1 . 2 5 4 1 . 2 3 7 - 0 . 1 6 2 4 • 6 n 4 !),ÔU1 U . o g j U.1U0 0 . 4 7 5
2 . 7 7 5 4 . 1 9 6 4 1 . 2  76 ( « 26«+-u , 289 4 . 0 2 5 0.4M1 0 , 0 4  0 U.1U0 U . 4 7 5
3 , 1 7 5 4 . 1 8 9 4 1 . 2 9 4 1 • Z0 4 - 0 , 3 4 V 4 . 5 , 7 U . 3 9 5 U , 0 5  7 U,10Ü 0 . 4 7 5
3 . 5 7 5 4 , 1 8 2 1 1 . 3 1 4 1 « 3 0 o*-' 1, 4 2 b 4 * 5 2 U. 3UU U.U8U U.1UU 0 . 4 7 5
3 , 9 7 5 4 , 1 7 6 9 1 . 3 3 3 1 . 3 2 6 - ' i , 4 1â 4 . 4 8 2 U.Z15 0 . 1 1 2 U.IUU 0 , 4 7 5
4 , 4 7 5 4 . 1 7 6 4 1 ,3ii,2 1 , 3 5 ' , - 0 . 3 7 7 4 , 4 5 7 l ' . l U I u . 1  78 0 . 1  !X) 0 , 4 7 5
4 , 9 5 0 4 . 2 U 5 6 ) . 4 2 3 1 . 3  7% J . 4 1 6 4 . 5  12 u. i 'Uy 0 . 3 1 4 0 , 1  00 0 . 4 7 5
Mal) . 54 = U , 4 75 Y = 1,, ^ Z s ' . ü U l i ,
t 7 T e f f L L" c Lu Yc X1 Ô C ( 4 C C M8h 1U.OOO 4 . 1 4  61 1 • 3 6 3 1 . 1 5  5 " , 9  3 8 4 . 3 5 1 .. . , 9  71 i.l , ü U u U. 1U0 n , 4 7 5
U . 45 U 4 , 1 5 8 6 1 , 3  15 1 , 1 7 9 745 4 . 4 4 9 U . 9 u u U, Ü02 0 . 0 9 4 U . 4  75
1 , U5 U 4 . 1 5 9 4 1 , 2 9 5 1 . 2 . ) 7 u , 5 5 6 4 . 4  72 u , 7 V b 0 , ü ü 6 0 , 0 9 9 ( ' . 4 7 5
1 . 6 5 0 4 , 1 5 4 4 1 . 2 9 4 1 , 2 3 3 ( ) , 4 1 1 4 . 4 5 3 U . 6 9 5 0 . 0 1 3 0 , 1  UU 0 . 4 7 5
È . 1 5 U 4 . 1 4 7 9 1 , 3 0 0 1 . 2 5 4 0 . 3(12 4 . 4  21 U. 6U4 U. U2 3 U,1UU 0 . 4  75
2 , 6 5 0 4 , 1 4 0 ( 1 1 . 3 1 1 1 . 2 7 7 1 .^ 1 86 4 , 6  79 0 , 5 0 8 0 . 0 3 7 U. I IXI 0 . 4 7 5
3 . 1 5 0 4 , l 3 u 8 1 . 6 2 5 1 . 2 v v u'. U d y 4 , 3 2 ? » i . 4 %} d 0 , 0 5  7 U.1  OU 0 , 4 7 5
3 . 6 5 U 4 , I 2 1 4 1 , 3 4 4 1 , 3 2 3 V . U1 M 4 , 2 7 2 '1,6 U 2 U,()Ü5 U.1 UU u . 4 7 5
4 . 1 5 U 4 , 1 1 2 8 1 . 3 6  7 1 .3 ',9 . . 0 . 0 2 4 4  » i? 1 4 i ; , l 2 9 U,  128 U, 1 U0 0 , 4 7 5
4 , 5 5 U 4 . 1 11 1 1 , 3 9 4 1 . 3 73 i ' , Ooü 4  . 1 c- u J . U 9 1 U. 1  88 U.1  UU U . 4 7 5 B'
4 . 9 2 5 4 , 1 1 6 2 1 . 4 9 1 1 , 3:' y : ! .%12 4 . 10 4 u.UUV U.30M u . 1  UU U . 4 7 5
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i . . N=U. =9.4 75 ■y =0.2 /  = . ou i  0
T' t 7 T e f f L L f 1 f i Lh Y C X1 6c HCC M@h
: U.UÜU 4 , U 659 1,43 1 i . i f -1 1 ,( ,v7 3.973 U.971 U.UÜU Ü.IUU u.475
4 U.429 4.U623 1 .396 1 ,162 0 .  V V1 4.! :  7 7 Ü.9U3 U.IXJZ U.Ü94 0 .4 7 5 1! 1.U29 4.U8 77 1 .370 1 .2 )1 0 .662 4 .118 U . du.5 Ü.ÜU6 U.1U0 0 .4 7 5 11 ,6 2 9 4 .0862 1 .367 1 .239 0 .7 7 4 4 . 1 j 1 :).7U1 U.Ü13 U.1ÜU 0 .4 7 5 >i ^ 2 .1 7 9 4.U851 1 , 3 0 2 ) .265 0 . 663 4 .124 U, 5 9 9 U.U24 Ü.IUÜ 0 .4 7 5
; . 2 .6 7 9 4.U8U1 1 ,3''.'3 1 ,2d9 i) , 5 5 d 4 .103 U, 5 0 ) Ü.U38 Ü,1 uo U.475
3 .1 7 9 4.U725 1.3 71) 1.314 0 .453 4.1' o  \j 9 .398 U.U59 U.1UU U.475 11
3 .6 7 9 4.U626 1 .3  d 3 1 .340 h , 3 5 7 4 . '  13 Ü.Zdd U.üdY U.1UU 0 .4 7 5 *
4.U79 4 • U54 3 1 ,4  tj ù I .3ù1 0 .334 3,6o3 0 . 1 94 Ü.126 U.1UU 0 .4 7 54 .4 7 9 4 .0470 1 .431 1 .364 1,44 2 6 ,90  3 ').U91 U.1 87 U.1U0 0 .475
L  4 .6 5 4 3 .9995 1 . 56Ü 1 .391 1 .126 3 ,5  6 3 u .u u v 0 ,  3Ud U.1UÜ U.475
f’î 5" t 'ic -U .4  7 5 Y='L.2 7 = 0 . U )1 0 J-1
: .. t? T e f f L Lue i J l V3 Yc X1 6  C Hcc ('t B hU.UÜU 3 .9734 1 .499 1 .160 1 .233 3.555 0 .9  71 U.ÜUU U.1(Xj U.475
L U.425 4.UC9 7 1 .453 ) .165 1,116 3 .7  4 6 U.9U3 0 .0 0 2 U.U94 u ;475 - 4s-
1 ,U25 4 .Ü 1 76 1 .4d6 1 .215 1 ,042 3.794 0.bU3 U,0U6 0.1  UU 0 ,4 7 5
: 1 ,675 4 . 02^4 1 .425 1 .246 U.95Ü 3.621 0 .  6b6 ü , u 1 4 U.IOU ü .4 7 5
:: . 2 .175 4.U214 1 .419 1 .273 U.%75 5.627 U.593 U.U24 0 , 1  uo 0 .4 7 5
2 .675 4 .0194 1 .414 1 .299 U,7b1 3 .3 2 4 0 .4 9 3 0.1)39 0.10Ü U.475; 3 ,0 7 5 4.U153 1.415 1 .320 Ü.7U6 3.Ptv7 U ,  4 ü  d U.U56 0.1  UC U.475
3 .575 4 ,0066 1 ,422 1 .34  7 0 .6 2 2 3. 766 U.296 U.Udù u . i u n 0 .4 7 5
3 , * 7 5 3 .9974 1 . 436 1 ,369 0 .5 9 ) 3 .714 U.2UU U.1 22 Q. luO U.475 1/ 4 .375 3 .9836 1 .470 1 .393 661 3 .025 ü, 095 0 .183 U.1üU 0.475
g 4 .6 5 0 3 ,6639 1 , 6 5 0 1 .393 1 .300 2 ,9o6 U.UUb U.322 0 . 1  uo U.475
h=U . AU Me::U .4  75 Zsu.OUlU
t? T e f f L LHe 10 P Yc X1 6c H C C IM8hU.UÜU 3 . 8644 1 ,559 1 ,15  6 ( .340 3 ,0  7 4 (f.971 l) .  UüU 0.1 00 0 .475
Y U.425 3 .9243 1.51 1 1 .  1 d 4 1 ,234 3.362 t; ,9U3 U.ÜU2 U.Ü94 0 ,475
1 .025 3.9371 1 .490 1.215 1 .1 74 3.426 U . 8 1 )  3 O.OU6 U.1UU 0 .475
1 .575 3 .9448 1 .46  5 1 .244 1 .114 3 « 4 ù 9 0 .708 U.U12 Ü.1UU U.475
2 .175 3 ,9517 1 ,473 ) .275 l . t r S ? 3.5U9 U. 596 U.Ü24 Uj1 uu 0 .475
2 ,675 3 .9542 1 .  À 6 5 1 . 3(,3 0.95^, 3 .527 ü • 4 V 6 U.U39 u . 1 uu 0 .475
,  3 .175 3 ,9528 1 ,4o1 1 .311 0 .  'ri î  4 3.526 0 .3 8 8 t).U61 U.1UÜ 0 .4 7 5 iY 3 ,5 7 5 3 .9479 1 .463 1 ,354 i ' ,  h U 9 .5,504 0,2  V à U.ÜÜ6 0.1 ()Ü 0 .475
&  3.975 3.9361 1 .475 1 ,37  7 i ' .  760 3.45  3 U.19Ü 0 .123 u .1 ou 0 .475 -a
■g  4 ,3 7 5 3.9151 ( ,512 1.4  0' o . b  6 Y 3 .  523 0.U9U 0 .186 Ü.1UÜ 0 ,475
% :  4 .625 3,7341 1 , 6 V i ) .  3  V b 1 .366 2 . ; , 1 9 0 , U ( J 7 U.32 1 U.1UÜ 0 .4  75 ' ..
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•T ab le  4 ,1 5  ( c o n td . )
! > MsO. 50 Me =0.475 Y = ().3 Z = 0 . U u 1 u
. t r - T e f f L L H e L H 9 Yc X1 6c Mcc Mah ' ^ > u .uoo 4 .3413 1 .146 1 . 1 3 5 - 0 . 4 5 6 5.315 0.971 0 ,0 0 0 0.101 0 .4 7 5
0 ,475 4.3381 1 .159 1 . 1 5 0 - 0 . 5 2 9 5 .290 0 .8 9 9 0 ,0 0 2 0 .0 9 4 0 ,4 7 5
/  Î, ‘ ' ' 1 .075 4 ,3336 1 .179 1 . 1 7 2 - 0 , 6 1 7 5 .252 0 ,805 0 .005 0 .1 0 0 0 ,4 7 5 s
y i / 7 7 5 4 .3284 1 .203 1 . 1 9 8 - 0 , 7 3 8 5 .207 0 .6 9 4 0 ,0 1 4 0.101 0 .4 7 52.375 '-4,3233 1 ,225 1 , 2 2 1 - 0 . 8 1 3 5.165 0 ,5 9 4 0 .0 2 5 0.1V1 0 ,4 7 5 t
2 ,975 4 ,3182 1 .2 4 9 1 .2 4 6 - 0 . 9 1 3 5 ,120 0 ,4 8 9 0.041 0.101 0 ,4 7 5
3 .475 4 .3 1 4 0 1,270 1 , 2 6 8 - 1 , 0 6 8 5*082 0 ,396 0,061 0,101 0 .4 7 5 '' 3 ,9 7 5 4 .3 1 0 4 1 .2 9 3 1 ,2 9 1 - 1 , 0 4 5 5.045 0 .3 0 0 0 .0 8 8 0,101 0 .4 7 5
’ . 4 , 4 7 5 4 ,3 0 8 6 1 ,3 1 8 1 . 3 1 6 - 1 , 0 2 0 5 .013 0 .1 9 7 0 .1 2 8 0.101 0 ,4 7 5
4 .875 4 ,3 1 2 2 1 .339 i . 3 3 f - 0 , 9 9 9 5 .006 0 .1 0 9 0 .1 7 9 0,101 0 .475
' ' 5 ,375 4,35(:I4 1 .377 1 . 3 6 7 - 0 , 2 6 6 5 .120 0 .0 0 9 0 .3 1 6 Ü.101 0 ,4 7 5
M 9 0 M52 Me =0,475  Y=0,3 ZsO.OOlO 1
y t7 T e f f L LHe LH 9 Yc X1 6c Mcc Mah, 0 ,0 0 0 4.2881 1 ,255 1.161 0 .5 4 4 5,011 0,971 0 .0 0 0 0 ,1 0 0 0 ,4 7 5 M ^ » Ü.SOÜ 4.285:* 1 ,2 4 6 1 .1 7 9  0 .401 5 .008 0.891 0 ,0 0 2 0 .094 0 ,4 7 5 -J }1 ,0 0 0 4,2811 1 .249 1 ,1 9 9  0 .2 8 5 4 .9 8 8 0 .8 0 7 0.()05 0 .0 9 9 0 ,475(It , 1 ,6 0 0 4 ,2 7 5 3 1 .259 1 .2 2 3  0 ,1 6 0 4 ,955 0 .705 0 ,0 1 2 0 ,1 0 0 0 ,4 7 5
2 ,200 4 , 2 6 # 1 ,2 7 4 T.24 8 0 .0 3 8 4 ,9 1 4 0 ,5 9 8 0 ,0 2 4 0 ,1 0 0 0 ,475
' 2 ,7 0 0 1 ,2 9 0 1 ,270 '*0 ,057 4 .875 0 ,505 0 .0 3 8 0 ,1 0 0 0 ,4 7 5
*’ I ' 3 , 2 0 0 4 , " # 6  9^ ' 1 ,308 1 .2 9 2 - 0 , 1 3 4 4 .833 U ,406 0 ,0 5 7 0 ,1 0 0 0 ,475 [A
s '  '  ^ 3 .7 0 0 1 ,3 2 9 1 ,3 1 6 -0 .2 0 1 4 .7 8 9 0 ,3 0 3 0 ,085 0 ,1 0 0 0 ,4 7 5 ^ ‘ 1 , 4 ,2 0 0 4.241^2 1 .353 1 , 3 4 2 - 0 . 2 4 9 4 .7 4 9 0 ,192 0 ,1 2 7 0 ,1 0 0 0 ,4 7 5
t 4 ,6 0 0 4 ,2 5 0 9 1 .3 7 9 1 .3 6 5 - 0 . 1 2 0 4.735 0 .097 0 .185 0 ,1 0 0 0 ,4 7 5
5 ,025 4 ,2 7 § 4 1 ,464 1 ,3 8 7  0 ,675 4 .7 6 3 0 ,009 0 ,3 1 4 0 .1 0 0 0 .4 7 5
%. M=0' 54 MC»0.475 Y$0.3 2=0 ,0010
' / '  Ü . 4 2 5
■' “ 1 1  




T e f f  
4 . 2 1 6 3  
4 , 2 2 6 7  
4 , 2 ^ * 8  
:'4i^g.S7
4 . 2 1 0 7
4 , 2 1 0 V4 , ^ 0 4 4
4 , 2 0 0 1
4 . 1 W 3' 4 , 1 8 5 3
L.
1 . 4 4 1  
1 , 3 8 3  
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Figure 4 .7  Evolutionary tracks for  HB sta rs  (Z) , the ZAHB i s  shown as a 
dotted  l in e .  E volutionary tracks are stopped when Y ~ 0.01» 
Model parameters are g iven  in  the diagram.
Figure 4 ,8  E volutionary tracks fo r  HB sta rs  (W) w ith  in creased  core o p a c it ie s  
and i n i t i a l l y  carbon-enriched hydrogen s h e l l s .  Follow ing f i g , 4 ,7  
parameters for  each s e t  o f  models are given  in  the appropriate  
diagram, but only one mass i s  g iven . A ll other masses d i f f e r  by 
0 . 02  M along the sequence. Some evo lu tionary  tracks are 
c a lcu la ted  beyond core-helium  exhaustion .
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i5 STUDIES OF MAIN-SEQUENCE STARS |
4
5 .1  INTRODUCTION
The quantity  o f  th e o r e t ic a l work published  on the stru ctu re  and evolution!' 
o f  raain-sequence s ta r s  i s  co n sid erab le . For a w ider d iscu ssio n  o f  
th e o r e t ic a l and o b serva tion a l r e s u lts  the reader i s  re ferred  to review  papers 
by Iben (1967, 1974) and referen ces th ere in .
E xtensive c a lib r a tio n s  o f  evo lu tionary  tracks for  hydrogen-burning  
phases have been made most r ec en tly  by Mengel, Sw eigart, Demarque and Gross
(1979) and Hej'.lesen (1980), These ca lib r a tio n s  are u se fu l both as to o ls  
for  the study o f  ob serva tion a l data for  s ta r -c lu s te r s  (Iben, 1967) and 
( in  the current study) as comparison models for  the in v e s t ig a t io n  o f  new input 
p h y sics , P ersian , R efsdal and S t a b e l l (1974) and S ta b e ll (1975) in v e s t ig a te  
the in flu en ce  o f the o p acity  va lu es and m ixing-length  on main-sequence s t a r s ,  f  
fin d in g  th at 1) in creased  o p a c it ie s  anywhere in  a main-sequence s ta r  lead
to a decreased lum inosity  and e f f e c t iv e  tem perature, e s p e c ia l ly  when the
o p a city  in crease  occurs in  the h o tter  ( lo g  T >6.5)  part o f  the s ta r ,
2) the slope o f  the main-sequence i s  u naffected  by changes to the o p acity  
d ata , but i s  in flu en ced  by the r a t io  o f  the mixing len gth  to pressure sc a le  
h eig h t t/Hp , 3) an in crease  in  the op acity  throughout the s ta r  leads to 
an in crea se  in  the evo lu tionary  tim esca le  (fo r  population  I I  s t a r s ) ,  but  
the change in  the ZAMS p o s it io n  cancels out th is  e f f e c t  when isochrones are 
c o n s tr u c te d ,, 4) the value o f  does in flu en ce  the p o s it io n  o f the
isochrones lead ing  to an un certa in ty  in  the estim ated  age o f  MIS, based on 
the p o s it io n  o f  the main-sequence tu r n -o ff  p o in t , o f approxim ately 10% due 
to the uncerta in ty  in  the value o f  the m ix ing-length  a lon e.
In the fo llo w in g  se c t io n s  we address three a sp ects  o f  s t e l l a r  stru ctu re  
and ev o lu tio n  in  main-sequence s ta r s ,
1) S tothers (1974a) compares the stru ctu re  o f ZAMS models based on the
Cox-Stevart (1965) and Carson o p a c it ie s .  He uses com positions 
(Xe,2!e ) -  (0,  739, 0 ,021)  and ( Xcj ^  ) * (0 ,602,  0 .044)  for  models w ith
: V V r . . i ' i < V'Uî. i .. ' j . -• . e.: A . . s'A-a L ' % _,    ... . . . .  .A._.......... .i.. . .. ^  1 i .  .. .t.... ...... .A. . .
 "  ^        ' '
1
masses ^ 120. D ifferen ces  between models based on the two s e ts  o f
o p a c it ie s  are found to be s im ila r  to those produced by choosing a d if fe r e n t  
in te r p o la t io n  procedure in  the op acity  ta b le s . Assuming that the ‘ tru e' |  
op acity  l i e s  between the Cox-Stewart and Carson o p a c it ie s ,  th is  r e s u lt  
im p lies th at any s ig n if ic a n t  u n certa in ty  in  the stru ctu re  o f the ZAMS i s  
not due to errors in  the o p a c ity . We re-examine th is  claim , and extend the - 
study to lower m e t a l l i c i t ie s  and lower m asses, comparing the op acity  
uncerta in ty  w ith  the u n certa in ty  in  the treatm ent o f  con vective  en velopes. I
2) In view o f  the s e n s i t iv i t y  o f  hydrogen-burning s h e l l s  to the o p a c ity  tj 
found for h o r izo n ta l branch s ta r s  in  chapter 4 we re-examine the ev o lu tio n
o f  main-sequence s ta rs  using the Carson o p a c it ie s .  : |
3) . Jimenez and G arcia-Pelayo (1982) re-examine observations o f  the  
ap sid a l motion constant k, for a  large  number o f  e c l ip s in g  binary system s. ;h 
They f in d  a c o r r e la t io n  between changes in  and th e .su r fa ce  g rav ity  ^ 
during m-s ev o lu tio n  which in d ic a te s  a marginal p referen ce fo r  th e o r e t ic a l  
values o f for  models con stru cted  w ith  the Carson o p a c it ie s .  We ca lcu la te
during evo lu tion ary  sequences for a larger range in  mass and com position |  
than h ith er to  attem pted in  order to a sse ss  these r e s u lt s .
In the course o f  these s tu d ie s  a number o f  fea tu res  w ith  important 
consequences for the theory o f  hydrogen-burning s ta rs  have been e s ta b lish e d  
but fo r  which time i s  not a v a ila b le  for  a f u l l  in v e s t ig a t io n  to be undertaken^ 
These fea tu res are noted a t the appropriate p o in ts  in  the fo llo w in g  d iscu ssiop
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5 .2  ZERO-AGE MAIN-SEQUENCE MODELS 1
The zero-age main-sequence models have been ca lcu la ted  w ith  the Henyey % 
code described  in  chapter 2 , and w ith  the input p h ysics described  in  chapter 3i; 
The zero-age s ta r  i s  assumed to have a homogeneous com position and the CNO |  
abundances in  hydrogen-burning zones are assumed to  be in  equ ilibrium . The |  
com positions and m ix ing-len gths used are described  w ith  the models in  ta b le  5 .2
In an attem pt to determine the e f f e c t  o f using the Carson o p a c it ie s  
in  the zero-age m odels, the S te llin g w e r f (1975) o p a c ity  formula was used to  
con stru ct 3 ZAMS models ( .  These are compared in  ta b le  5 .1  and 
. f ig u re  5 .1  w ith  models con stru cted  by Hejle se n  (1980) (He80) using id e n t ic a l  
p h ysics except in  the o p a c ity , and by Iben (1965) (Ib65) using much e a r l ie r  
p h y sic s . Using the Cox-Stewart (1965) op acity  ta b le s ,  S tothers (1974a) 
fin d s  that the in te r p o la t io n  method ( lin e a r  and quadratic in te r p o la t io n ,  
and an a n a ly t ic  f i t  to the ta b les  are compared) leads to d if fe r e n c e s ,
and L. » between the r e s u lt in g  s t e l l a r  models o f  the
same order o f  magnitude as the choice o f op acity  ta b le .  The S te llin g w e r f
op acity  formula i s  an a n a ly t ic  f i t  based on the Cox and Tabor (1976) op a city  }
ta b le s , H ejlesen  uses lin e a r  in te r p o la t io n  in  the Cox-Stewart (1969) o p acity  
ta b le s  w ith  an in creased  g r id -p o in t d en sity . In view  o f Stothers* fin d in g s  
and the d if fe r e n t  versio n s o f  the Los Alamos o p a c it ie s  used, the agreement j 
between the models and He80 i s  more fortu n ate  than remarkable.
We do not have enough data to study the s e n s i t iv i t y  o f  the ZAMS to the method#: 
o f  Opacity in te r p o la t io n  in  the current programme. The s ig n if ic a n t  d ifference  
(  ^ ) found for  models constructed  w ith the Carson o p a c it ie s
( U 8 2 )  may th erefore  be due p a r tly  to  the in te r p o la t io n  method chosen.
A fter  P ersian  e t  a l (1974) we expect the h igher Carson o p a c it ie s  to  lead  to  
some decrease in  the lum inosity  and e f f e c t iv e  tem perature.
Table 5 ,2  Contains d e ta i ls  o f the ZAMS models constructed , îtodels  
are grouped according to th e ir  i n i t i a l  com position, Per one com position
(Xe « 0 , 7 ,  Ze 0 . 02)  a number o f  va lu es for  the m ixing length  to pressure
s c a le  h eigh t V/Hp have been used. Columns (1 -5 ) contain  the s t e l l a r
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Figure 5 .1  A comparison o f  the ZAMS models described  in  ta b le  5 . 1 ,  constructed
w ith d if fe r e n t  s e t s o f input p h y sics .
'
A Iben 1965
V H ejlesen 1980
X J e ffe r y 1982 (S te llin g w e rf o p a c ity ) 1
4- J e ffe r y 1982 (Carson o p a c ity )
The com^jositions used for MS models are g iven  in  the appropriate  
diagrams.
Tabl e  5 . 2  Z e r o - a g e  m a i n - s e q u e n c e  models  c o n s t r u c t e d  w i t h  t h e  Carson  o p a c i t i e s .  
The models  a r e  grouped  a c c o r d i n g  t o  1) hydr og en  a b u n d a n c e ,
2) « e t a l l i c i t y  abu nd anc e  and 3) t h e  t r e a t m e n t  of  c o n v e c t i o n ,  The 
c o n t e n t s  o f  each  column a r e  d e s c r i b e d  in  t h e  t e x t .
H* log  T e f f  lo g  L lo g  g lo g  k2 Mcenv 
d e c (*)
T e f f L- d Te d L




x= 0 .7  Z=0. 0040 1/Hp=2
0 . 5 0 3 .6188 - 1.212 4.784 - 1 . 1 1 7 0,451 3.6374 -1 .1 5 3 -0 .0 537 -0 . 0 5 9
1 .0 0 3 .8424 0.213 4. 22 5 - 1 . 9 3 6 0 .0 04* 3.8382 0.2496 0 . 0 0 4 2 - 0 . 0 3 7
2.00 4 .0 829 1.456 4.574 - 1 .9 8 3 0 .3 26* 4.0891 1.495 -0 .0 062 - 0 . 0 4 0
5 . 0 0 4.3098 2.881 4.455 - 1 .8 7 0 1.340* 4.3247 2.893 -0 .0 148 - 0.012
8 . 0 0 4.4054 3.536 4 .3 86 - 1 . 8 2 8 2.52 0* 4.4282 3.551 -0 .0 228 -0 . 0 1 5
10 .00 4.4475 3.832 4.355 - 1 . 8 1 3 3 ,4 5 0* 4.4717 3.848 -0 .0 24 2 - 0 , 0 1 6
X=0 .7  Z=0. 0100 1/Hp=2 ..1
0 . 5 0 3.5907 - 1 .3 4 2 4.801 - 1.020 0.408 3,6172 -1 .2 3 9 -0 .0 26 6 - 0 .1 0 3 1
0 . 6 0 3.6459 - 0 . 9 8 9 4.748 - 1 . 1 6 2 0.529 3.6499 -0.9101 -0 .0 400 -0 . 0 7 9 :„g
0 .70 3.7009 - 0 .6 73 4.719 -1 .2 6 8 0.642 3.6995 - 0 .5 9 5 0.0014 - 0 , 0 7 8
0 . 8 0 3 .750 9 - 0 .3 94 4.699 -1 .3 6 0 0,754 3.7746 - 0 .3 1 5 - 0.0002 - 0 . 0 7 8
1 .00 3 .8049 0.059 4.558 - 1 . 7 4 7 0.993 3,8103 0.146 -0 .0 054 - 0 . 0 8 7
1.40 3.9054 0.734 4.431 - 2 .1 2 8 0 ,091* 3.9199 0 .8 0 4 - 0 . 0 1 4 5 - 0 . 0 7 0
1 .70 3.9715 1.067 4 .4  47 - 2 .1 77 0 .213* 3,9926 1.147 - 0.0211 - 0 . 0 8 0
2.00 4.0230 1.346 4 .4 45 -2 .1 4 5 0 .28 8* 4,0460 1.420 -0 .0 230 - 0 . 0 7 4
2.50 4.0883 1.719 4 .4 29 -2 .1 0 3 0.455* 4.1121 1.783 -0 .0238 -0 ,0 6 4 1
3.00 4.1384 2.017 4.411 - 2 .0 7 0 0 .651* 4.1622 2.070 -0 ,0 238 -0 . 0 5 3
3 .20 4.1558 2.121 4.405 -2 .0 5 9 0 .698* 4.1794 2.171 -0 . 0236 -0 . 0 5 0
4 , 0 0 4.2125 2.472 4.377 - 2 .0 2 5 0 .94 0* 4.2371 2.514 - 0 .0 246 - 0 .0 4 2
5.00 4.2661 2,814 4.347 - 1 .9 9 6 1.085* 4.2923 2,848 -0 ,0 262 - 0 ,0 3 4
6 , 0 0 4.3074 3.081 4.324 - 1 .9 7 2 1.608* 4.3355 3.115 -0 .0281 -0 .0 3 4
7.00 4. 3410 3,303 4.304 - 1 .9 5 5 1.988* 4.3708 3.336 - 0 .0 298 - 0.022
8.00 4.3691 3.491 4,286 -1 .9 4 2 2,400* 4.4017 3,523 -0 .0 326 -0 , 0 3 2
9,00 4.3931 3.653 4.270 -1 .9 33 2 .400* 4,4254 3.683 -0 .032 3 - 0 , 0 3 0
10 .00 4 .4139 3.796 4.257 - 1 .9 2 6 3 .300* 4,4477 3.826 -0 .0 33 8 - 0 .0 3 0
12.00 4.4483 4. 0 3 7 4.233 -1 .9 1 8 4 .320*
15.00 4.4874 4.319 4.204 - 1.916 6 . 210*
18.00 4.5166 4.538 4.181 -1 .9 2 0 8 ,136*
20.00 4.5323 4.660 4.167 -1 .9 2 6 9.520*
2 2 .0 0 4.5455 4.767 4.154 -1 .9 34 10.714*
2 5 .0 0 4.5619 4 .9 06 4.137 -1 .9 49 13.000*
30,00 4.5826 5.095 4.110 - 1 .9 7 9 16.560*
4 0 . 0 0 4 .6 076 5.373 4.057 - 2 .0 6 0 25.000* 1
50.00 4 .6209 5.573 4.006 -2 .1 5 2 34.300*
60.00 4,6271 5.728 3.956 -2 ,2 54 43.500*
7 0 .0 0 4.6288 5.853 3.905 -2 .361 S3.200*
80.00 4.6267 5.957 3,850 - 2 .4 7 9 62,400*
90.00 4.6227 6.046 3.796 -2 . 5 9 6 71.910*
100 ,0 0 4.6170 6.123 3,742 -2 .7 1 4 81,600*
%Table 5 ,2  ( c o n t d . )
H* log T e f f lo g  I. log  g log  k2 Hcenv T e f f - L- d Te d L
Hcc(*)
<1) (2) (3) (4) (5 ) <6 ) (7) ( 8 ) (91 (10)
(11) (12)
X=0.8 Z=0. 0100 i /Hp=2
0 .50 3.5352 -1 .5 6 9 4.806 - 0 .9 3 6 0.386
1.00 3.7552 - 0 .1 9 4 4.613 - 1 ,5 0 3 0.976 f
2.00 3.9753 1.151 4.448 - 2 .1 5 6 0 . 212*
3 .20 4.1152 1.936 4.427 -2 ,0 6 2 0 .6 40 * -Ï
5 .00 4.2299 2.640 4.376 -1 .9 86 1.175*
8,00 4.3363 3.330 4.316 - 1 .9 2 3 2 .2 7 2* Î3Î1 0 .0 0 4.3826 3.641 4.286 - 1 .9 0 2 3 .15 0*
1 2 .0 0 4 .4184 3.888 4.262 -1 .8 9 0 4 .1 40*
X“ 0 . 6  Z=0, 0200 1/Hp=2
0 .50 3.6145 - 1.210 4.764 - 1.120 0.436
1.00 3,8236 0.192 4.499 - 1 , 9 1 5 0.998
2 . 0 0 4.0239 1.441 4.353 - 2 . 2 0 3 0 .3 26*
5 .00 4.2703 2,931 4.247 -2 . 0 7 2 1.175*
1 0 .0 0 4.4204 3.926 4 ,1 52 - 2 . 0 3 7 3 .4 50* 1
X=0.7  Z=0. 0200 1/Hp=2
0.50 3.5572 - 1 . 4 6 7 4,792 - 0 .9 7 9 0.386 3,5999 - 1 . 3 2 3 -0 .0 42 7 - 0 .1 4 4
0.63 3.6200 -1 .0 4 1 4.718 - 1 .1 6 0 0.549 3,6334 -0 .9 4 2 -0 .0 133 -0 . 0 9 9
0 . 8 0 3.6956 - 0 ,5 5 9 4.642 -1 .3 7 0 0.750 3,7057 - 0 .4 5 4 ^0 .0101 - 0 . 1 0 5
1.00 3,7727 "0,089 4.577 - 1 .5 9 2 0.976 3,7795 0.018 -0 .0 068 "0.107
-0 .0 4 2 - 0 , 0 9 0
1.30 3.8375 0.451 4.410 -2 .1 1 8 0.02 9* 3.8489 0,558 -0 .0 11 4 -0 , 1 0 7
1.70 3.9223 0.944 4.373 - 2 . 2 3 5 0.180* 3.9463 1,050 -0 .024 0 - 0 . 1 0 6
2 . 0 0 3.9751 1.228 4.370 - 2 .2 0 3 0 .250* 4.0009 1 .327 -0 .0 258 -0 .0 9 9
0.001 - 0 . 0 1 6
3.20 4.1128 2.023 4.331 -2 .1 2 1 0 .640* 4 .1 40 4 2,095 -0 .0 276 -0 .0 7 2
5.00 4.2294 2.739 4.275 -2 .0 6 0 1.175* 4.2599 2.791 -0 .0 305 -0 .0 5 2
- 0.001 0.002
8.00 4.3382 3.441 4.212 - 2 , 0 1 7 2 .272* 4.3745 3.486 -0 ,036 3 - 0 . 0 4 5 Yk
10.00 4.3849 3.757 4.181 - 2.011 3 .1 50* 4,4243 3.797 -0 .0 394 - 0 . 0 4 0
- 0.010 0.006
12.00 4.4202 4.004 4.153 -2 .0 14 4 .320*
1 #
Table 5 ,2  (c o n td . )
M* log  T e f f  lo g  L log  g lo g  k2 Mcenv 
Mcc( * )
T e f f L-' d Te




X=0.7 2=0. 0200 i /Hp=2(DV)
0 .5 0 3.5579 ” 1 .466 4.793 - 0 .9 7 8 0.386 -0 ,0 007 - 0.001
0 . 8 0 3.6858 - 0 .5 6 7 4.611 - 1 .4 2 2 0.758 0.0098 0 .008
1 .0 0 3.7532 - 0 .0 9 4 4.504 - 1 .7 3 7 0.989 0.0195 0,005
X=0.7  2=0. 0200 1/Hp=1, 5
0 . 5 0 3.5559 - 1 .4 69 4,789 - 0 .9 8 3 0.386 0.0013 0.002 1
0 .6 3 3.6167 - 1 , 0 4 6 4.709 - 1 .1 7 2 0.549 0.0033 0,005
0 ,80 3,6876 - 0 , 5 6 6 4. 6 1 7 - 1 .4 1 2 0.754 0.0080 0.007
1 ,0 0 3.7598 -0 .0 9 3 4.529 - 1.686 0.985 0.0129 0.004
1 .30 3 ,8 288 0.451 4.375 - 2 . 2 0 5 0 .029* 0.0087 0.000
1,70 3.9221 0.944 4.372 - 2 .2 3 6 0 ,1 80* 0.0002 0 .0 0 0
X=0.7  2=0, 0200 1/Hp=1
0 .5 0 3,5533 - 1 . 4 7 5 4,784 -0 .9 8 9 0,391 0.0187 0.008
0.63 3.6098 - 1 , 0 5 5 4,691 - 1 . 1 9 8 0,556 0,0102 0.014 1
0.80 3.6771 - 0 , 5 7 3 4.582 - 1 .4 7 2 0.766 0.0185 0.006
1 .00 3.7379 - 0 ,0 9 6 4.445 - 1 .8 6 5 0.996 0.0348 0.007
1.30 3.8221 0.451 4,348 -2 ,2 7 2 0.029* 0,0154 0.000
1. 70 3.9221 0.944 4.372 -2 ,2 3 6 0 ,18 0* 0.0002 0 .0 0 0 ■sf
X=0,7  2=0. 0400 1/Hp=2
0.50 3.5310 “ 1.590 4.81 1 - 0 , 8 8 7 0.320
1.00 3.7140 - 0 . 2 9 6 4.550 - 1 .5 1 2 1.000
1, 30 3.8001 0.281 4.430 - 1 . 9 0 4 1.296
2,00 3.9202 1.090 4.290 - 2 .2 6 0 0 ,192*
5 .0 0 4.1832 2,633 4.196 - 2 .1 7 2 1, 000* 110 .0 0 4 ,3466 3,697 4.086 - 2 .1 2 8 3 .15 0* ïj
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m ass, e f f e c t iv e  tem perature, lu m in osity , surface g ra v ity  and the ap sid a l 
motion constant . Column (6) in d ic a te s  the mass w ith in  the base o f  the  
con vective  envelope or w ith in  the convective core (only one model was found 
to have b o th ). Columns (7 -8 ) g iv e  the e f f e c t iv e  temperature and lum inosity  
fo r  a s ta r  w ith  the same mass and con p osition  in terp o la ted  in  H ejle sen 's
(1980) r e s u lt s ,  where appropriate. Columns (9-10) g ive  the d iffere n c es
lo^ L ' bn U ( c )  - loo, L_ (5 -1 )
J
where C in d ic a te s  our models ca lc u la te d  w ith  Carson o p a c it ie s  and CS g
in d ic a te s  the H ejlesen  models con stru cted  w ith  Cox-Stewart o p a c it ie s .  For $
the con p osition  (Xe = 0 . 7 ,  Ze — 0 . 02)  the d iffe r e n c e s  obtained by S tothers €
(1974a) fo r  (Xe = 0 . 739 ,  Ze -  0 .021 ) are a lso  given fo r  comparison. T?
IFor those models in  which ty'lrlp/ 2 > columns (9-10) show the d iffere n c es  4
V  (5 -2 ) .]L = log L. (n )  -  Ct/rip) I
where i s  the appropriate value fo r  the m ix ing-len gth  r a t io ,  or rep resen ts  
an a lte r n a t iv e  treatm ent o f  the mixing length  theory. ^
For \Z>{A/ fAQ>Z we ob ta in  the same r e s u lts  as S tothers (1974) ,  Y
namely that ( ^ i  in cr ea se s  as M in cr ea se s . Tâble 5*3 compares the 
grad ients
iooLllOAAo) -  l o n L ( s M o )  vi
fo r  a number o f co n p o s it io n s . The r e s u lt  in d ica ted  i s  an in crea se  in  the s| 
grad ient o f  the ZAMS when our o p acity  treatm ent i s  used* This fea tu re  i s  n o t #  
a n tic ip a te d  by P ersian  e t  a l  (1974) .  T
Figure 5 .2  compares lu m in o s it ie s  and e f f e c t iv e  temperatures for  our 4
models w ith  the H ejlesen  (1980) models fo r  the con p osition  (Xe = 0 . 7 ,  Ze -  0 , 02)  
and l/Hp *= 2, Table 5 .2  a lso  demonstrates a marked change in  the d iffere n c e  t 
between the two s e ts  o f models a t a mass o f ^vl.S This change roughly ,
Table 5 .3  The grad ien t o f  the ZAMS as a fu n ction  o f  com position fo r  
10>M/W^>5.  Data for Cox-Stewart (CS) o p a c it ie s  are  
taken from H ejlesen  (1980). Gradients obtained by S tothers (1974a) 



















g lo g  L (C)
& log  T eff
5.76 6.65 6.54 6.51 6.63 6.50
6 lo g  L (CS) 
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A comparison o f ZAMS models constructed  w ith  Carson o p a c it ie s  
( c ir c le s )  in  the current study w ith  models constructed  w ith  
Cox-Stewart o p a c it ie s  (c r o s se s ) .
(H ejlesen , 1980).
co in c id es w ith  a d iv is io n  between those s ta rs  having con vective cores and I
ra d ia tiv e  envelopes and those s ta r s  w ith  r a d ia tiv e  cores and con vective  %
en velopes. Parsian e t  a l (1974) fin d  that in  a d d ition  to the strong o p a c ity  l| 
dependence for  log  T > 6 . 5 ,  main-sequence models fo r  low-mass s ta r s  are |
s e n s i t iv e  to op acity  changes a t  log  T < 3 . 9. For log  T < 3.9 we adopt the 4
C hristy (1966) a n a ly t ic  f i t  to the Cox-Stewart (1965) o p acity  ta b le s  which 
w i l l  tend to in crease  the lum inosity  and e f f e c t iv e  temperature o f  the models 
by a ctin g  in  op p o sitio n  to the e f f e c t  o f  using Carson o p a c it ie s  in  the 
in te r io r .  A change in  the behaviour o f   ^ Is th erefore
a n tic ip a te d  fo r  low-mass s ta r s .  For M < 0 . 7 M© , u n cer ta in tie s  in  the 
treatm ent o f  convection  in  the s t e l l a r  atmosphere and envelope lead  to very  
poor agreement between the models.
S tothers (1976c) s tu d ie s  the use o f  Carson o p a c it ie s  in  luminous b lue  
s ta r s .  For m assive s ta rs  (M ^ 10 M^) envelope d e n s it ie s  are low and 
th erefo re  the Carson o p a c it ie s  are large  in  the CNO io n is a t io n  zone. -a
S tothers fin d s two e f f e c t s  not found w ith  Cox-Stewart o p a c it ie s ;
1) the envelope stru ctu re  becomes d istended  and g ia n t - l ik e ;  2) con vective  |
in s t a b i l i t y  breaks out in  the la y ers  w ith  a high o p a c ity . We have calcu lated#  
one s e t  o f  ZAMS models for  com position (Xe = 0.7* Ze *= O.Ol)  ^ « 2,
and for  100 ^ M/Mq ^ 0 .5 ,  Table 5 .2  contains d e ta ils  o f  th ese  models. I;
The maximum e f f e c t iv e  temperature a tta in ed  i s  Ci 4 . 63 which i s
c o n s is te n t  w ith  Stothers* r e s u lt s  for h igher m e t a l l i c i t i e s .  The con vective  
zones in  the envelope occur ty p ic a l ly  between temperatures and d e n s it ie s  |
S' Z < 6 ' I j  - 7-^ <  ^ '^''2. j  ( IDD I
5  4  < LcÿT < ^ &  ^ -^ 2  < Imp < ' ^ ' 4  , C Mg> i
^ 4'? ^Loo{r S--54, -S--7I < ( IS Mg) ,  J
but although extending through up to 30% o f  the s t e l l a r  rad iua, contain  
l e s s  than 10'^ o f  the s t e l l a r  mass. These r e s u lt s  support S to th ers' 
fin d in g s for m assive main-sequence models w ith  Carson o p a c it ie s .  Further
im p lica tion s o f  these r e s u lts  on the in te r p r e ta t io n  o f  very m assive s ta r s  are 
d iscu ssed  by S to th ers . These r e s u lts  are c o n s is te n t  w ith  a steep er  grad ient % 
for the ZAMS found e a r l ie r .  There i s  some o b serva tion a l evidence  
(U n d erh ill, 1980; Rernie and Lamers, 1981) which lends support to the 
reddening o f the ZAMS a t h igh  mass.
Figure 5 .3  compares models wi th com position (Xe = 0 . 7 ,  Ze = 0.02)  
fo r  d if fe r e n t  treatm ents o f  the m ix ing-length  theory o f convection . Values 
o f  1, 1 .5  and 2 fo r  the r a t io  o f  the m ix ing-length  to  the pressure s c a le  
h eigh t ( t / Hp  ) are used. A few models are constructed  using the 
m od ifica tion s to the Bohm-Vitense treatm ent suggested  by Deupree(1979) 
and by Deupree and Varner (1980) ,  w ith  a maximum value for  l-/v\^ -  2. .
These models in d ic a te  th at the u n certa in ty  in  the treatm ent o f convection  
in  the s t e l l a r  envelope on ly  leads to an ambiguity in  the e f f e c t iv e  
temperature o f the s ta r . However an uncerta in ty  in  the o p a c ity , inasmuch 
as the core op acity  i s  a f f e c t e d ,  a lso  leads to an ambiguity in  the s t e l l a r  
lu m in osity .
Using H ejle sen 's  (1980) isochrone a n a ly s is  for  main-sequence e v o lu tio n ,  
Mauder (1982) ob ta ins a p referen ce for  the mixing len g th  r a t io  l / Hp  -  2 
based on ob serva tion a l data for  the sun and the e c l ip s in g  binary system  CW Eri^ 
We fin d  that 1) improvements to the Bb*hm- Vi tense treatm ent o f  the m ixing  
length  theory, regard less o f  the choice o f the m ixing le n g th , and 2) 
the use o f  the Carson o p a c it ie s  w i l l  both have an e f f e c t  on ZAMS models a t  
le a s t  as great as the choice o f the mixing len g th . E ith er change w i l l  
s h i f t  both zero-age lin e s  and subsequent isochrones and are l ik e ly  to cast  
Mauder's r e s u lt s  in to  some doubt. The determ ination o f  both s t e l l a r  ages 
and the value o f  the mixing length  are thus only as r e l ia b le  as the o p a c it ie s  : 
and the mathematical models for convection .
■ .J i 'K.
I 3 i





Figure 5 ,3  A comparison o f  ZAMS models for  d if fe r e n t  values o f  the mixing- 
length  to pressure sc a le -h e ig h t  r a t io  ( l / Hp  ) ,  and fo r  the 
m odified  treatm ent due to Deupree e t  a l (1979» 1980) (DV),
X  V k p  = 1 o  U /ilp. ■=■ 2
4- I'/H f = 1 .5
P
(/ /Plp 2 (DV)
-V ' :  ..'' .  V .- . .  '  ' '
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5 .3  MAIN-SEQUENCE EVOLUTION
O verall p ro p ertie s  o f  evo lu tion ary  tracks fo r  main-sequence s ta rs  are 
given  in  tab le  5 . 4 .  In a d d ition  to the mass and i n i t i a l  com position o f  
each s ta r  the zero-age va lu es o f  e f f e c t iv e  tem perature, lu m in osity , su rface  
g r a v ity , the ap sid a l motion constant and the masses w ith in  the base o f  the 
convective envelope and w ith in  the convective core are g iven . The main- 
sequence li f e t im e  i s  d efin ed  to be the time taken for  a s ta r  to evo lve
from the zero-age main-sequence to coirplete co re-hydrogen exhaustion . The 
blueward and redward lim its  o f  the evo lu tionary  track (in  e f f e c t iv e  temperature 
b efore core-hydrogen exhaustion  are a lso  g iven . Table 5 .5  contains further  
d e ta ils  o f  the evo lu tionary  sequences. Three com positions have been used;
(Xe = 0 . 7 ,  Ze = 0 . 0 2 ) ,  (Xe « 0 . 7 ,  Ze = 0 . 01)  and (Xe = 0 . 8 ,  Ze = 0 . 0 1 ) .
The time i s  the time in  10^ years from the ZAMS p o s it io n . Ye i s  the  
su rface helium  abundance, and are the mass and lum inosity  o f  the
hydrogen-exhausted core and i s  the lum inosity  o f  the hydrogen-burning s h e l l
The evo lu tionary  tracks have no remarkable fea tu res  and are not shown.
We have compared the main-sequence l i f e t im e s  and the width (in  e f f e c t iv e  
temperature) o f  the main-sequence w ith  the r e s u lts  o f Mengel e t  a l (1979) .
Main-sequence l i f e t im e s  are compared in  fig u re  S.4.  The overlapping  
mass in te r v a l i s  un fortunately  sm a ll, but a llow ing fo r  d iffe r e n c e s  in  the  
i n i t i a l  com position and lu m in o sity , there i s  no c o n f l i c t  in  for
2 ^ M/Mq ^  5 when Ze ® 0 , 01 .  We fin d  th at the con vective  core masses are 
s im ila r  for  both s e t s  o f  m odels, in p ly in g  (Farslan e t  a l » 1974) th a t there i 
i s  no large d if f e r e n t ia l  e f f e c t  in  the d ifferen ce  between the Cox-Stewart and ■
the Carson o p a c it ie s  a t h igh tem peratures. For M/Mg -  1 (Xe *= 0 . 7 ,  Ze -  0 .01 )
9 /we f in d  R» 3. 766 x 10 yea rs . In te r p o la t in g , Mengel e t  a l  fin d  ?
^  5 .45 X 10^ years fo r  the same mass and com position. A llowing for  
errors a r is in g  from the in te r p o la t io n , th is  represents a major d iscrepancy.
Thus fo r  th is  s ta r
where C and CS denote the o p a c it ie s  used, as b e fo r e • As low-mass
15V
Y=0.3 Z=0.0200
H* Tms T e f f L* g k2 Mcc Mcenv Te Max Tern in
1.0 4 . 7 2 0 3.7727"•0.089 4 . 5 7 7 - 1 . 5 9 2 0 .0 0 0  0.976 3 .7 88 3 .773
2 ,0 7 . 4 0 6 3.9751 1 .228 4 .3 7 0 - 2 ,2 0 3 0.250 2. 0 0 0 3.975 3,901
3 .2 2 .2 5 6 4 .1 1 2 8 2.023 4 . 3 3 1 - 2 . 1 2 1 0 .6 4 0  3 .2 0 0 4 .1 1 3 4.028
5 .0 7 ,4 1 4 4 .2 29 4 2 .7 3 9 4 ,2 7 5 - 2 .0 6 0 1 .1 75  5 . 0 0 0 4.229 4 ,1 4 4
8 .0 2 .7 5 6 4 .3 38 2 3,441 4 . 2 1 2 - 2 . 0 1 8 2 .2 7 2  8 .0 0 0 4.338 4,241
10.0 1 .8 60 4 ,3849 3.756 4 . 1 8 1 - 2 . 0 1 1 3 . 1 5 0 1 0 . 0 0 0 4.385 4.271
12.0 1 ,4 17 4 ,4 2 0 2 4 .0 0 4 4 , 1 5 3 - 2 . 0 1 4 4 .3 2 0 1 2 , 0 0 0 4. 4 2 0 4 .2 8 2
1=0 .3  ]2=0.0100
M* Tms Tef f L* 9 k2 Mcc Mcenv TeMax Temin
1 .0 3 .7 6 6 3,8074 0 .0 5 9 4 .5 6 8 - 1 ,7 2 5 0 .0 0 0  0.992 3 ,8 16 3.807
2 .0 6 .2 8 4 4.0234 1.346 4 . 4 4 6 - 2 . 1 4 3 0.290 2 ,0 0 0 4 .0 2 3 3,949
3 .2 1.923 4.1558 2.121 4 . 4 0 5 - 2 . 0 5 8 0.698 3 .200 4 .1 5 6 4,075
5 , 0 6 .5 9 4 4.2663 2 .8 1 4 4 . 3 4 8 - 1 . 9 9 5 1.260 5 .000 4,266 4.187
8.0 2 .5 2 8 4,3693 3.491 4 . 2 8 6 - 1 . 9 4 1 2 . 4 0 0  8,000 4 .3 69 4.284
10,0 1.739 4,4141 3.797 4 .2 5 7 - 1 .9 2 5 3.31010,000 4.414 4.318
12.0 1.336 4.4483 4.037 4 .2 3 3 - 1 .9 1 8 4,32012 .000 4 , 4 4 8 4,33 8
Ï =0.2  i2=0.0100
H* Tms T e f f L* g k2 Mcc Mcenv TeMax tew in
2 .0 9 .781 3.9753 1.151 4 . 4 4 8 - 2 . 1 5 6 0 .2 1 2  2.000 3.975 3,897
3 .2 3 ,1 0 9 4 ,1 1 5 2 1,936 4 .4 2 7 - 2 .0 6 2 0.640 3 .200 4 .1 1 5 4,022
5 . 0 1 0 . 4 9 4 4,2299 2 .6 4 0 4 . 3 7 6 - 1 .9 8 6 1.175  5.0ÔO 4.230 4.138
8 .0 3.811 4.3363 3.330 4 . 3 1 6 - 1 .9 2 3 2.272 8 .000 4.336 4,244
10,0 2.560 4 .3 8 2 6 3.641 4 . 2 8 6 - 1 . 9 0 2 3.15010 .000 4,383 4 . 2 8 2
12.0 1 .90 9 4 ,4184 3 .8 8 8 4 . 2 6 2 - 1 . 8 9 0 4.14012 .000 4 ,4 1 8 4.305
Table 5 .4  A summary of the evo lu t io n ary  sequences f o r  Main-sequence
s t a r s .  For each sequence we give : 1) the mass; ' u
2)  the main-sequence l i f e t i m e ;  3) -  6 ) ZAMS values  
fo r  the e f f e c t i v e  tem ptera ture ,  the lu m in o s i t y ,  the  
surface g r a v i t y ,  the apsidal  motion constant  and the ■§
masses i n t e r i o r  to the convect ive core and convective  
envelope;  7) -  8 ) the maximum and minimum e f f e c t i v e  
temperatures a t t a i n e d  during m-s e v o l u t i o n .
i
1
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Figure 5 .4  Main-sequence l i f e t im e  as a fu n ction  o f s t e l l a r  mass and i n i t i a l  
com position (Y, Z), compared for
1) Cox-Stewart o p a c it ie s  (Mengel e t  a l ,  1979)^
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main-sequence sta rs  have r a d ia tiv e  co res, we expect to be more s e n s i t iv e  M
to o p acity  changes than fo r  s ta r s  w ith  con vective cores. An in crea se  in  the 
core op acity  leads to an in creased  temperature gra d ien t, the same lum inosity  4  
can then be produced by more rapid hydrogen-burning in  a le s s  m assive reg ion  4 
o f  the s ta r . This leads to a reduced value fo r  , A co n tra d ic tio n  
a r ise s  h ere , as S ta b e ll (1975) fin d s that a uniform in crea se  in  the o p acity  ÿ  
throughout the s ta r  w i l l  cause an in crea se  in  the main-sequence li f e t im e  o f  a iJS
so la r  mass s ta r , S ta b e ll adds th at the s h i f t  in  the ZAMS p o s it io n  due to a 4 
uniform in crea se  in  o p acity  can cels  the in creased  main-sequence l i f e t im e  
when con stru ctin g  isoch ron es. We note that our ZAMS p o s it io n  using the %
Carson o p a c it ie s  i s  moved r e la t iv e  to that using the Cox-Stewart o p a c it ie s  ' 4  
in  a d ir e c tio n  c o n s is te n t  w ith  an o p a c ity  in cr ea se . A reduction  in  É
according to S ta b e ll ,  w i l l  th erefo re  a lt e r  the p o s it io n  o f  isochrones  
s ig n if ic a n t ly .  The consequences for  the determ ination o f  g lobu lar c lu s te r  i  
ages from the r e la t iv e  p o s it io n s  o f  the main-sequence tu rn -o ff  p o in t and 
the h o r izo n ta l branch are apparent. However, as we have ca lc u la te d  only  
two evo lu tionary  Sequences for  s ta r s  w ith  M < 2 M^  , and only  one g iv es  
coverage o f  the th ick  hydrogen-shell-burn ing phase, caution  should be M
ex er c ised  in  in te r p r e tin g  our r e s u lt s .
Figure 5 .5  compares the width (in  e f f e c t iv e  tem perature) o f  the main-
sequence. The redward and blueward extremes o f  the main-sequence 4
evolu tionary  tracks fo r  each s ta r  are Connected by an arrow in d ic a tin g  the 
d ir e c t io n  o f  e v o lu tio n . For log  M/Mq « 0 , 5 ,  the d iffe r e n c e  in  S l o g  , Jî
where IÎ  log  T i^  ^ lo g  Tg^ ç^  (b lu e) -  lo g  T^^ (red) (5 -3 )
between the two s e ts  o f  models i s  13
g lo g  T^^ (G) -  S lo g  T^m (CS) <  0 .0 0 3 ,  
which may be regarded as being m ostly due to the sm all i n i t i a l  com position  
d iffere n c e  ( i» Xe « 0 . 0 1 ) ,  We have in s u f f ic ie n t  data to compare the evo lu tion ;  
o f  low-mass s ta r s  in  more d e ta i l . I :
r. /  \ "'"I ' -'/X'ÇÎ' -''
F<OyU.v*d. ^'6"
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Figure 5 ,5  A comparison o f  changes in  e f f e c t iv e  temperature during m ain -sequence< 
ev o lu tio n  as a fu n ction  o f  mass w ith
1) Cox-SteWart o p a c it ie s  (X 0 . 3 ,  Z ^ 0 .0 1 )
(Mengel e t  a l ,  1979)
2) Carson o p a c it ie s  (X « 0 . 29 ,  Z = 0 .0 1 )
Arrows in d ic a te  ev o lu tio n  from ZAMS to TAMS,
At lo g  M/M^« 0 , 5 ,  the d iffere n c e  between S l og  T eff for  the two 
s e t s  p f o p a c it ie s  i s  le s s  than 0 .0 0 3 ,
T a b le  5*5
The evo lutionary  sequences fo r  main-sequence s ta r s .  For each model
ex tra c ted  from the evo lu tionary  sequences we l i s t  :
1) the time from the ZAMS, , in  IcT years;
2) the e f f e c t iv e  tem perature, log  T eff ;
3) the lu m in o sity , log  L ;
4) the su rface g r a v ity , lo g  g ;
5) the ap sid a l motion con stan t, lo g  ;
6) the cen tra l helium  abundance, Yc. ;
7) the mass w ith in  the con vective  core , M c^. î
8) the envelope helium  abundance, Ye ;
9) the mass w ith in  the con vective  en velope , Mc.e.viv >
10) the mass w ith in  the hydrogen-burning s h e l l ,  ;
11) the helium -core lu m in o sity , h^ ;
12) the h ydrogen-shell lu m in osity , L .
:4
10 %
T a b le  5 , 5
M== 1.0 7=0.3 2=0.0200
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh 4.1
0.000 3.7727 -0 .089 4 . 5 7 7 - 1 .592 0 .2 8 0 0.000 0.280 0 -97 6 0. 0 0 0 0.000 0.000
0. 1 6 0 3.7738--0 .0 80 4 .57 2 -1 .6 0 1 0.305 0.000 0.280 0.976 0 .0 0 0 0.000 0.000 1
0.720 3.7778--0.045 4 . 5 5 4 - 1 . 6 3 6 0 .3 95 0.000 0.280 0.980 0.000 0.000 0 .000 ■'f
1.36 0 3.7822 0.000 4 . 5 2 6 - 1 .684 0.498 0 ,0 0 0 0 .2 8 0 0,980 0 .0 0 0 0 .0 0 0 0 . 0 0 0 ' %2 .0 00 3.7852 0.044 4 . 4 9 4 - 1 . 7 3 4 0.599 0.000 0.280 0.983 0.000 0 ,0 0 0 0 .000 • ■■ ?
2. 80 0 3.7877 0 .1 00 4 . 4 4 8 - 1 . 7 8 5 0.708 0,006 0,280 0.983 0.000 0.000 0.000
3. 4 4 0 3,7863 0 .13 4 4 .4 0 8 - 1 . 7 9 7 0.809 0 .0 1 4 0 .2 80 0 .0 1 8 0,00@ 0 .0 0 0 0.000 ■f
3.760 3.7857 0. 1 5 3 4 . 3 8 8 - 1 . 8 0 5 0.891 0.006 0.280 0.980 o.ooô 0.000 0.000 il3. 9 2 0 3.7864 0 .1 6 8 4 . 3 7 5 - 1 . 8 2 0 0.935 0.001 0.280 0.983 0 .0 0 0 0 .0 0 0 0.000
4. 08 0 3.7868 0 .1 8 2 4 . 3 6 3 - 1 . 8 3 3 0.961 0 .0 00 0.280 0.983 0 .0 00 0.000 0.000
4,320 3.7868 0.201 4 . 3 4 3 - 1 . 8 4 6 0.974 0 .0 00 0.280 0.983 0.000 0.000 0.000
4 .8 0 0 3.7861 0.239 4 . 3 0 2 - 1 . 8 6 8 0.980 0 .0 0 0 0.280 0 .9 8 0 0 .0 0 0 0.000 0 , 0 0 0
5.200 3.7852 0.276 4 . 2 6 2 - 1 .881 0.980 0.000 0.280 0.980 0.002 "4,052 0 .276
5 .4 4 0 3.7844 0.301 4 . 2 3 4 - 1 . 8 8 7 0.980 0 .0 00 0.280 0.980 0.006-"3.840 0,301 }i5,840 3.7817 0.348 4 .1 7 6 - 1 .8 8 3 0.980 0.000 0.280 0.976 0.022 ' -3.053 0 .348 :§6 .1 60 3.7750 0.397 4 . 1 0 0 - 1 .850 0.980 0 .0 0 0 0 .280 0 .9 6 4 0.044-"2.844 0.397 1;:
6.560 3,7424 0.449 3 . 9 1 8 - 1 . 5 8 6 0.980 0,000 0.280 0.872 0.096- -1.987 0,447 ■'1
6.720 3.7132 0.506 3 . 7 4 4 - 1 . 3 5 5 0.980 0.000 0.280 0.657 0.128- 1,797 0.504 1
6.770 3.7070 0.552 3 . 6 7 3 - 1 . 3 0 9 0.980 0.000 0.280 0.571 0.133- -1.776 0.550
6.805 3.7041 0.599 3 . 6 1 4 - 1 . 2 8 5 0.980 0.000 0.280 0.510 0.143""1.715 0 ,597
6.867 3.6996 0.714 3 . 4 8 2 - 1 , 2 5 8 0.980 0.000 0.280 0.401 0.160--1,604 0 .712
6.884 3,6985 0 .74 4 3 . 4 4 8 - 1 . 2 5 4 0.980 0.000 0.280 0.374 0 .1 60 - 1.629 0.742
M= :>,Ô Y=0.3 2= 0.02 00
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Le Lsh
0 .0 0 0 3.9751 1.228 4 . 3 7 0 - 2 . 2 0 3 0.280 0.250 0,280 2,000 0,000 0.000 0,000
0.300 3.9740 1 .235 4 .3 5 9 - 2 .2 1 2 0.299 0.250 0.280 2,000 0.000 0,000 0 ,0 0 0
1, 900 3.9667 1.273 4 .2 9 2 - 2 .2 6 3 0.407 0,250 0.280 2.000 0,000 0.000 0 . 0 0 0 J
3.300 3.9579 1.306 4 . 2 2 4 - 2 , 3 1 0 0.502 0,250 0,280 2.000 0.000 0.000 0 ,000
4.700 3 .9 4 4 9 1.337 4 . 1 4 1 - 2 , 3 6 0 0.610 0. 2 1 2 0,280 2.000 0,000 0.000 0 ,000
5.700 3.9311 1.358 4 .06 5 -2 .4 0 1 0.704 0,212 0.280 2.000 0 .000 0,000 0 ,0 00 II
6.500 3.9166 1.374 3 .9 9 1 - 2 .4 3 6 0.791 0. 1 5 0 0.280 2.000 0 .0 0 0 0.000 0,000
7.100 3.9019 1.388 3 . 9 1 8 - 2 , 4 6 9 0.897 0 .1 0 8 0 .2 80 2.000 0.000 0.000 0.000
7,300 3.9025 1.403 3 .9 0 6 - 2 .4 8 3 0,947 0.088 0.280 2.000 0,000 0.000 0,000
7.387 3.9233 1,442 3 . 9 4 9 - 2 . 4 9 6 0.975 0.066 0 .2 80 2 .000 0.000 0 .0 00 0.000
7.408 3.9357 1,46 9 3 . 9 7 2 - 2 . 5 0 8 0.980 0,000 0,280 2,000 0 ,0 0 0 0.000 0.000
7,452 3.9312 1,48 5 3 . 9 3 8 - 2 . 5 2 9 0,980 0,000 0.280 2.000 0 .004 -1 .9 11 1,485
7.502 3.9298 1.491 3 .9 2 7 - 2 .5 3 7 0.980 0.000 0.280 2.000 0,018--1,593 1.491
7.558 3.9284 1,498 3 .9 1 5 - 2 .5 4 5 0.980 0,000 0.280 2.000 0.044- -1.373 1.497
7.708 3.9242 1.516 3 .8 7 9 - 2 .5 6 9 0.980 0,000 0.280 2.000 0,066- 1.356 1.515
7,808 3.9186 1.52 9 3 .8 4 4 - 2 .5 8 8 0 .9 8 0 0,000 0,280 2.000 0.088- 1.243 1,528
7.908 3.9080 1,541 3 . 7 8 9 - 2 . 6 1 3 0.980 0 .0 0 0 0.280 2.000 ^0,108" 0 .9 9 0 1,940
8.008 3.8827 1.548 3 . 6 8 1 - 2 , 6 4 8 0,980 0.000 0.280 2,000 0 , 1 4 0 - 0.574 1,545
8.070 3.8433 1,535 3 . 5 3 6 - 2 . 6 7 7 0.980 0.000 0,280 2 .0 0 0 0.160 - 0 .378 1.530
,ÎJ
T a b le  5 .5  ( c o n td .  )
M= 3 . 2  7= 0. 3  2=0 .0200
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Le Lsh
0.000 4 .1 1 2 8 2.023 4 .3 31 -2 .1 21 0.280 0 .6 4 0 0.280 3.200 0 . 0 0 0 0 .0 0 0 0.000
0 .1 0 0 4 .1 1 1 8 2.031 4 . 3 1 9 - 2 . 1 3 1 0.296 0 .6 4 0 0.280 3 .2 0 0 0.000 0 .0 0 0 0.000
0.650 4.1038 2.076 4 . 2 4 2 - 2 . 1 9 3 0.401 0.582 0.280 3 .2 0 0 0 .0 0 0 0 .0 0 0 0 . 0 0 0
1.150 4.0922 2.121 4 .15 0 -2 ,2 6 1 0 .5 1 6 0.522 0.280 3.200 0.000 0.000 0.000
1.450 4 .0 819 2.150 4 . 0 8 0 - 2 . 3 0 9 0.597 0.4 64 0.280 3.200 0. 0 0 0 0.000 0 . 0 0 0
1.750 4.0668 2.181 3 . 9 8 9 - 2 . 3 6 5 0.692 0.4 64 0.280 3.200 0.000 0 .0 00 0 .0 0 0
2 .0 0 0 4,0484 2.208 3 .8 88 -2 .4 21 0.791 0.339 0.280 3.200 0.000 0 . 0 0 0 0.000
2.200 4.0279 2.235 3 . 7 7 9 - 2 . 4 8 0 0.921 0.208 0.280 3.200 0.000 0 .0 0 0 0 .000
2.237 4.0325 2.252 3 . 7 8 0 - 2 . 4 9 2 0.959 0 .2 0 8 0. 28 0 3 .2 0 0 0.000 0.000 0 . 0 0 0
2.250 4.0442 2.271 3 . 8 0 9 - 2 . 4 9 7 0.972 0.173 0.280 3.200 0 . 0 0 0  0.000 0 .000
2 .2 5 6 4.0663 2, 314 3 .8 5 4 - 2 .5 1 6 0. 9 7 9 0.029 0.280 3.200 0 .0 0 0 0.000 0.000
2.259 4.0562 2. 31 3 3 . 8 1 5 - 2 . 5 2 9 0.980 0.000 0.280 3.200 0.029 0.237 2 .309
2.264 4.0507 2. 3 3 0 3 . 7 7 5 - 2 . 5 5 5 0.980 0.000 0.280 3,200 0 ,029-0 .491 2 .329
2.274 4.0472 2.337 3 . 7 5 5 - 2 . 5 6 7 0.980 0.000 0.280 3.200 0 , 1 0 6 '"0.073 2 .335
2 .2 8 5 4.0438 2.343 3 . 7 3 4 - 2 . 5 7 9 0.980 0.000 0. 28 0 3.200 0.106: r0 ,2 9 ? 2.342
2.301 4 .0 3 6 8 2.354 3 . 6 9 6 - 2 . 6 0 0 0.980 0.000 0.280 3.200 0.173 0.Ô74 2.352
2.321 4. 0 1 8 0 2.366 3 . 6 0 8 - 2 . 6 3 8 0 .9 8 0 0 .0 0 0 0. 2 8 0 3,200 0.208 0.153 2 ,363
2.341 3. 9 6 0 4 2.362 3 . 3 8 2 - 2 .7 0 4 0. 9 8 0 0 .0 0 0 0.280 3.200 0 .2 5 6 0.609 2.354
2 .3 4 9 3.8851 2.319 3 . 1 2 4 - 2 . 7 3 9 0.980 0,000 0. 28 0 3 .2 0 0 0.307 0.856 2.304
M= £ï.O Y=0.3 2=0.0200
X T e f f L g k2 Yc Hcc Ye Mcenv Msh Le Lsh
0.000 4,2294 2.739 4 .2 7 5 - 2 ,0 6 0 0.280 1.175 0.280 5.000 0.000 0,000 0.000
0 .5 0 0 4 .2 2 7 8 2.750 4 . 2 5 7 - 2 . 0 7 6 0 .3 0 4 1 .090 0.280 5.000 0.000 0.000 0 . 0 0 0
2.300 4. 220 0 2.796 4 .1 8 0 - 2 .1 4 5 0.405 1 .000 0.280 5.000 0,000 0.000 0.000
3.700 4 .2 1 0 4 2.837 4 . 1 0 1 - 2 . 2 1 1 0.503 0.9 10 0.280 6.000 0.000 0 ,0 0 0 0,000
4,900 4.1978 2.875 4 . 0 1 2 - 2 . 2 8 0 0.605 0 .8 15 0 .2 80 5 .0 0 0 0 ,0 0 0 0,000 0,000
5.900 4,1820 2.911 3 .9 1 3 - 2 .3 5 0 0,707 0,725 0.280 5.000 0.000 0.000 0.000
6.700 4.1621 2.945 3 . 7 9 9 - 2 . 4 2 5 0.814 0.530 0.280 5.000 0.000 0.000 0 .000
7,200 4 . 1 4 4 7 2.974 3 . 7 0 1 - 2 , 4 8 8 0.916 0,425 0 .2 80 5,000 0,000 0.000 0 . 0 0 0
7,350 4.1477 2.992 3 . 6 9 5 - 2 . 5 0 7 0.959 0.375 0.280 5.000 0.000 0.000 0 . 0 0 0
7.400 4.1647 3.015 3 . 7 4 0 - 2 , 5 1 2 0.975 0.375 0 .280 5.000 0 ,0 0 0 0 .0 0 0 0 . 0 0 0
7.415 4.1839 3.048 3 .7 8 3 - 2 .5 2 8 0,980 0 .1 1 0 0.280 5.000 0.000 0.000 0.000
7,424 4 .1664 3.0 48 3 . 7 1 4 - 2 . 5 5 5 0.980 0,000 0.280 5.000 0 .1 1 0 1,321 3.040
7,437 4 ,1 5 5 4 3.071 3 .6 4 7 - 2 .6 0 0 0 .9 8 0 0.000 0.280 5.000 0.165 1,037 3 .067
7 .4 38 4.1549 3.071 3 . 6 4 4 - 2 ,6 0 2 0,980 0,000 0.280 5.000 0.165 1.0O7 3,067
1 6 : %
T a b le  5 .5  ( c o n t d . )
M= 8 .0  Y=0.3 Z=0.0200
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0.0 00 4.3382 3.441 4 .2 1 2 - 2 .0 1 8 0.280 2.272 0.2 80 8. 0 0 0 0.000 0,000 0.000
0.150 4.3371 3.451 4 .1 9 8 - 2 .0 3 3 0.298 2.272 0.280 8.000 0.000 0.000 0 .000
0.850 4.3294 3.504 4 . 1 1 4 - 2 . 1 2 2 0.398 2.016 0.280 8.000 0.000 0.000 0.000
1.450 4.3180 3.558 4 .01 4 -2 .2 2 1 0.507 1.744 0.280 8.000 0 .0 0 0 0.000 0.000
1.850 4.3055 3.600 3 . 9 2 3 - 2 .3 0 6 0.599 1.600 0.280 8 .0 0 0 0.000 0 .0 0 0 0.000
2 .250 4.2852 3.648 3 .7 9 3 - 2 .4 1 9 0.715 1.456 0.280 8.000 0.000 0.000 0.000 $2. 5 5 0 4.2584 3.693 3 .6 4 1 -2 .5 4 0 0.836 1.000 0.280 8.000 0.000 0.000 0 . 0 0 0
2.650 4.2460 3.711 3 . 5 7 3 - 2 . 5 9 2 0.894 0.848 0.280 8.000 0.000 0.000 0.000
2.725 4 .2 4 1 8 3.733 3 . 5 3 5 - 2 .6 3 5 0.954 0.848 0.280 8.000 0.000 0.000 0.000
2.744 4.2492 3.744 3 .5 53- 2 .641 0.969 0.848 0.280 8.000 0.000 0.000 0.000
2.757 4.2769 3.783 3 .6 2 5 - 2 .6 6 0 0.980 0.112 0.280 8.000 0.520 3.215 3.646
2.760 4 .2 4 1 2 3.783 3 . 4 8 2 - 2 .7 2 6 0.980 8.000 0.280 8.000 0.520 2.573 3.755
2.762 4.2243 3.800 3 . 3 9 8 - 2 .7 8 3 0.980 8.000 0.280 8.000 0.520 2.444 3.780
2,764 4.2036 3 .8 13 3 . 3 0 2 - 2 . 8 4 0 0.980 8.000 0.280 8.000 0.520 2.332 3.798
M=10.0 Y=0.3 Z=0,0200 Î
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh i
0.000 4.3849 3.756 4 .181 -2 .0 11 0.200 3.150 0.28010 .000 0.000 0.000 0 .000
0 .1 00 4.3837 3.767 4 . 1 6 5 - 2 .0 2 9 0.298 3.150 0.28010 .000 0.000 0 . 0 0 0 0 ,000
0,580 4.3755 3.825 4 .0 7 4 - 2 .1 3 3 0.399 2.840 0.280 3,150 0.000 O.ooo 0.000
0.980 4.3630 3.882 3 .9 6 8 - 2 .2 5 0 0.507 2.520 0.280 3.150 0 .0 00 0.000 0,000 1
1.300 4.3455 3,935 3 . 8 4 4 - 2 ,3 7 7 0.618 2,180 0.280 3.150 0.000 0,000 0.000 4
1.540 4.3227 3.983 3 . 7 0 5 - 2 .5 0 8 0.729 2.000 0.280 3.150 0.000 0.000 0.000
1.660 4.3053 4.011 3 .6 0 7 -2 .5 9 4 0.797 1.630 0.28010 .000 0.000 0.000 0.000
1.780 4.2802 4.043 3 .4 7 5 - 2 .7 0 6 0.890 1.450 0.28010.000 0.000 0.000 0.000
1.840 4 .2 710 4,068 3 .4 1 4 -2 .7 7 4 0.955 1.250 0.28010 .000 0.000 0.000 0 .000 11.855 4.2839 4,082 3 . 4 5 0 - 2 . 7 7 7 0.973 1,250 0.28010.000 0 .0 0 0 0,000 0.000
1.860 4,3098 4 .1 18 3 . 5 1 9 - 2 .7 9 8 0,980 0.540 0.28010.000 0.000 0.000 0,000
1.863 4.2470 4.124 3 . 2 6 1 - 2 .9 3 5 0.980 2.350 0.280 1.930 0,850 3,037 4,087
1.864 4.2331 4,129 3 . 2 0 1 -2 .971 0.980 2.350 0.280 1.930 0.850 2.974 4,097 "1
(1=12 .0 Y= 0.3 Z=0.0200
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0,000 4.4202 4.004 4 .1 5 3 - 2 ,0 1 4 0.280 4.320 0.2801 2,000 0.000 0.000 0.000
0.090 4.4187 4.018 4 .1 3 4 - 2 .0 3 9 0,302 4.140 0.2801 2.000 0,000 0.000 0.000
0 .450 4.4096 4.078 4 . 0 3 6 - 2 .1 5 9 0.403 3.780 0.2801 2,000 0.000 0.000 0.000
0.730 4.3967 4,133 3 .9 3 0 -2 .2 8 4 0.503 3.408 0.280 3.600 0.000 0.000 0 .0 0 0
0.970 4.3778 4.188 3 . 8 0 0 - 2 . 4 2 9 0 .6 12 3.024 0.280 3.600 0.000 0.000 0 .000 4
1,130 4.3568 4.230 3 .6 74 -2 .5 61 0.703 2.820 0.280 4.140 0.000 0 .0 00 0,000
1.290 4.3206 4.280 3 . 4 7 9 - 2 .7 4 7 0.824 2.184 0.2801 2,000 0.000 0,000 0.000
1.370 4.2896 4.313 3 . 3 2 2 - 2 ,8 8 9 0,914 1.956 0,2801 2.000 0.000 0.000 0,000
1.405 4.2833 4.333 3 .2 77- 2 .951 0,961 1 .740 0 .28012,000 0.000 0.000 0.000 11.414 4.2979 4.347 3 .3 2 1 -2 .9 5 3 0.975 1.740 0.28012 .000 0.000 0,000 0 .000
1.417 4.3221 4.376 3 .3 9 0 - 2 ,9 6 7 0.980 1.272 0.28012 .000 0.000 0.000 0.000
1.418 4.3102 4.388 3 . 3 2 9 - 3 .0 2 7 0.980 3.876 0.280 2.400 1 .272 3.734 4.279 .s'S
1.419 4.2878 4.383 3 .2 4 5 - 3 .0 5 9 0.980 4.008 0.280 2.400 1.272 3.594 4.306
T a b le  5 .5  ( c o n t d . )
M= 1.0  Y= 0.3 Z=0.0100
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0 .0 00 3.8074 0.059 4 . 5 6 8 - 1 . 7 2 5 0.290 0 .0 0 0 0.290 0.992 0.000 0.000 0.000
0. 05 0 3.8076 0.063 4 .5 6 5 - 1 .7 3 0 0.300 0.000 0.290 0.992 0.000 0 ,0 00 0.000
0.550 3.8103 0.106 4 . 5 3 3 - 1 . 7 9 7 0.409 0,000 0.290 0,994 0.000 0.000 0 .000
0 .9 50 3.8122 0.141 4 . 5 0 5 - 1 . 8 4 9 0.495 0.000 0.290 0,995 0.000 0.000 0.000
1.450 3 .8 1 4 5 0.187 4 . 4 6 8 - 1 , 9 1 3 0.597 0,001 0.290 0.996 0,000 0 ,0 00 0,000
2 .0 5 0 3 .8 1 5 4 0.239 4 . 4 2 0 - 1 . 9 6 7 0.697 0,012 0.290 0.997 0.000 0.000 0 ,0 0 0
2.850 3.8119 0.297 4 . 3 4 8 - 1 . 9 8 8 0 .8 0 2 0.044 0.290 0.996 0.000 0.000 0.000
3.4 50 3.8080 0.334 4 .2 96 -1 .9 81 0,910 0.050 0.290 0.994 0 .0 00 0,000. 0 .000
3.650 3,8084 0.357 4 . 2 7 4 - 2 . 0 0 7 0.955 0.031 0.290 0.995 0 .0 0 0 0 .0 00 0 ,000
3.725 3.8120 0 ,3 8 8 4 .258 -2 .0 81 0.979 0,012 0.290 0.997 0 .0 00 0,000 0 . 0 0 0
3.831 3.8136 0.432 4 .21 9 -2 .1 4 1 0.990 0 .0 00 0.290 0.997 0 . 0 0 0 0.000 0 .000
4.006 3.8118 0.451 4 . 1 9 4 - 2 , 1 3 7 0.990 0.000 0.290 0,997 0.001' -3 .850 0.451
4.256 3.8093 0.481 4 . 1 5 3 - 2 , 1 3 5 0.990 0.000 0.290 0.996 0.012--3.357 0.481
4.456 3.8068 0 .5 1 0 4 . 1 1 5 - 2 , 1 3 2 0.990 0.000 0.290 0.996 0.031--2.769 0.510
4.881 3.7918 0.599 3 . 9 6 5 - 1 . 9 8 5 0,990 0.000 0.290 0.982 0.075 ■2,322 0.598
5.069 3.7737 0.632 3 .8 6 0 - 1 .6 5 7 0.990 0.000 0.290 0,901 0.110--1 ,702 0.630
M= 2.0 Y- 0.3 Z=0.0100 1
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh 10.000 4.0234 1.346 4 . 4 4 6 - 2 . 1 4 3 0.290 0.290 0,290 2.000 0.000 0. 0 0 0 0 ,000
0.100 4.0230 1,349 4 . 4 4 2 - 2 . 1 4 6 0.297 0.290 0.290 2.000 0.000 0.000 0#000 1
1.400 4.0174 1.390 4 .3 7 8 - 2 .1 9 9 0.397 0.290 0,290 2.000 0,000 0.000 0,000
2.600 4.0097 1.428 4 .3 0 9 - 2 .2 5 2 0.492 0.290 0.290 2.000 0.000 0 .0 00 0.000
3.800 3,9976 1,467 4 ,22 2 -2 .3 1 1 0.606 0.250 0.290 2.000 o.Ooo 0,000 0,000
4 .60 0 3.9860 1. 492 4 . 1 5 0 - 2 , 3 5 4 0.693 0.212 0.290 2 .0 0 0 0 ,0 00 0 .0 0 0 0,000
5.400 3.9686 1.519 4 . 0 5 4 - 2 . 4 0 6 0.801 0.192 0,290 2.000 0.000 0.000 0,000
6.000 3,9511 1.542 3 . 9 6 1 - 2 . 4 5 2 0.911 0.150 0.290 2.000 0.000 0.000 0.000
6.200 3.9513 1,560 3 .9 4 4 - 2 .4 7 0 0.961 0.130 0,290 2.000 0.000 0.000 0 .000 %
6.262 3.9633 1.581 3 .9 7 1 - 2 .4 7 6 0.980 0.108 0.290 2.000 0.000 0.000 0.000
6 .2 88 3.9941 1.639 4 ,0 3 6 - 2 ,4 9 6 0.990 0.028 0.290 2.000 0.000 0 .0 00 0 .000 '
6 .296 3.9857 1.640 4 . 0 0 1 - 2 . 5 1 0 0.990 0.000 0.290 2,000 0 . 0 1 2 - 0 .6 4 9 1.638
6,302 3.9834 1,650 3 ,9 82 -2 .5 21 0.990 0 .0 0 0 0,290 2.000 0.018--0 ,793 1,648
6,331 3.9789 1.660 3 .9 5 4 - 2 ,5 3 8 0,990 0,000 0,290 2 .0 0 0 0,044--0 ,988 1.659 X?
6.409 3.9707 1.676 3 . 9 0 5 - 2 . 5 6 4 0,990 0,000 0.290 2.000 0.088^0.953 1 ,675
6.553 3.9337 1.700 3 . 7 3 3 - 2 .6 3 4 0.990 0.000 0.290 2.000 0 . 1 5 0 - 0 .4 6 0 1.697
6.553 3.9337 1.700 3 . 7 3 3 - 2 . 6 3 4 0.990 0,000 0.290 2.000 0.150 -0,460 1^697
U 2  Y=0.3 2=0.0100
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0,000 4.1558 2.121 4 .4 0 5 - 2 .0 5 8 0,290 0,698 0.290 3.200 0.000 0.000 0.000
0.050 4,1552 2.125 4 . 3 9 8 - 2 ,0 6 4 0.299 0.698 0,290 3.200 0.000 0.000 0.000
0,500 4.1489 2 ,1 7 0 4 . 3 2 8 - 2 , 1 2 5 0.393 0.640 0.290 3,200 0.000 0.000 0.000
0.900 4.1399 2.215 4 , 2 4 7 - 2 . 1 8 9 0,495 0.582 0.290 3.200 0 .0 0 0 0.000 0 .0 0 0
1.300 4,1249 2.265 4 .1 3 7 - 2 ,2 6 8 0,621 0.464 0 .2 90 3.200 0.000 0 ,0 00 0 , 0 0 0 : $5
1.500 4,1128 2.293 4 .0 6 0 - 2 .3 1 7 0.703 0.464 0.290 3.200 0.000 0,000 0.00 0
1.700 4.0958 2.324 3 .9 6 2 - 2 ,3 7 6 0,799 0.339 0.290 3.200 0.000 0.000 0 ,000
1.850 4.0769 2,351 3 . 8 5 9 - 2 , 4 3 3 0.909 0. 2 7 2 0,290 3,200 0.000 0.000 0 .000
1.900 4.0754 2.368 3 .8 3 6 - 2 .4 5 4 0,959 0.240 0.290 3.200 0.000 0.000 0 .000
1.919 4.0893 2,390 3 . 8 7 0 - 2 . 4 6 0 0.982 0.208 0.290 3 .200 0 ,0 0 0 0.000 0 .000
1,925 4,1150 2.437 3 ,9 2 6 - 2 .4 7 9 0.990 0.045 0.290 3.200 0 .0 0 0 0,000 0 ,000
1.927 4.1020 2.436 3 . 8 7 5 - 2 . 4 9 7 0.990 0 .0 0 0 0.290 3.200 0.045 0.402 2,432
1,929 4 .0 967 2.452 3 , 8 3 7 - 2 .5 2 2 0.990 0.000 0.290 3.200 0.045- 0 .006 2.450
1,936 4,0893 2,465 3 .7 9 5 - 2 .5 4 6 0.990 0,000 0,290 3.200 0.106 0,010 2.463
1.946 4.0808 2.475 3 . 7 5 1 - 2 ,5 6 9 0.990 0.000 0.290 3.200 0,173 0,201 2.473
1.968 4.0478 2,493 3 . 6 0 1 - 2 . 6 3 3 0.990 0,000 0,290 3.200 0.240 0.527 2.488
'
. t ' Y "i . - - h  : 166'
t re i ' r L s k’J Yc Mcc Ye Mcenv Msh Lc Lsh
0.000 4.2663 2.814 4 .348- 1 .995 0.290 1 .260 0.290 5.000 0.000 0.000 0.000
0,100 4.2660 2.816 4 .344- 1 .998 0.295 1 .260 0.290 5.000 0.000 0.000 0.000
1.900 4.2588 2.868 4 .2 6 3 - 2 .072 0.401 1 .090 0.290 5.000 0.000 0.000 0.000
3.300 4.2493 2.914 4 .1 7 9 - 2 .144 0.504 0.910 0.290 5.000 0.000 0.000 0.000
4 .3 00 4.2386 2.952 4 .0 9 9 - 2 .208 0.598 0.815 0.290 5.000 0.000 0.000 0.000
5 ,3 00 4.2217 2.996 3 .9 8 7 - 2.289 0 .7 1 7 0.725 0.290 5.000 0.000 0.000 0.000
5.900 4.2056 3.027 3 .8 9 2 - 2 .353 0.811 0,625 0.290 5.000 0.000 0.000 0.000
6.300 4, 1904 3.053 3 .8 0 4 - 2 .409 0.900 0.530 0.290 5.000 0.000 0,000 0.000
6.500 4, 1866 3.073 3 .770 - 2 ,440 0.957 0.425 0.290 5.000 0.000 0,000 0 .000
6 .55 0 4 .1 916 3.082 3 .7 8 0 - 2 .446 0.973 0.425 0.290 5.000 0 .0 00 0 .0 00 0.000
6.599 4.2247 3.130 3 .8 6 5 - 2.461 0.990 0.165 0.290 5.000 0 .0 00 0.000 0,000
6. 607 4. 2070 3.132 3 .7 9 2 - 2 .490 0.990 0.000 0.290 5.000 0.165 1 .608 3.119
6.61 4 4.1982 3.153 3 .7 3 6 - 2 .530 0.990 0.000 0. 290 5.000 0.165 1.275 3.147
6.626 4.1895 3.164 3 ,6 9 0 - 2 .557 0.990 0.000 0.290 5.000 0.220 1.141 3.160
H= L.0 Y = C.3 Z=0 .0100
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0. 00 0 4.3693 3.491 4 .2 8 6 - 1.941 0.290 2.400 0.290 8.000 0.000 0.000 0.000
0.050 4.3689 3.495 4 .2 8 2 - 1.946 0.296 2.400 0,290 8.000 0 .0 0 0 0.000 0 .000
0. 7 0 0 4.3626 3.547 4 .2 0 4 - 2.027 0.393 2.144 0.290 8.000 0,000 0.000 0.000
1 .300 4.3521 3.603 4 .1 0 5 - 2,124 0.507 1.880 0.290 8.000 0.000 0.000 0.000
1.700 4.3401 3.648 4 .0 1 2 - 2 .208 0.607 1.600 0.290 8,000 0 .0 0 0 0.000 0.000
2 .0 00 4.3259 3.687 3 .9 1 7 - 2 .289 0.701 1.456 0.290 8.000 0.000 0 ,0 00 0.000
2. 250 4.3073 3.726 3 ,8 0 4 - 2 .378 0.804 1 .160 0.290 8 .0 0 0 0.000 0.000 0.000
2 .45 0 4.2858 3.764 3 .6 7 9 - 2 .472 0.923 1.000 0.290 8,000 0.000 0,000 0.000
2. 500 4.2853 3.780 3 .6 6 2 - 2 .497 0.963 0.848 0.290 8 .0 0 0 0.000 0.000 0 .000 ■ i
2. 519 4.2944 3.791 3 ,6 8 7 - 2.501 0.980 0.848 0.290 8.000 0.000 0.000 0.000
2 .5 30 4. 3 2 0 7 3.826 3 .7 5 7 - 2 .516 0.990 0.264 0.290 8.000 0.000 0.000 0.000
2. 533 4.2912 3.827 3 .6 3 8 - 2 .567 0.990 0.000 0,290 8.000 0.432 2.608 3,800
2.535 4.2725 3.852 3 .5 3 9 - 2.634 0.990 0 .0 00 0.290 8.000 0.520 2.497 3.832 i
2. 5 3 7 4.2570 3.863 3 .466 - 2 .675 0.990 0.000 0.290 8.000 0.600 2.448 3.846
M = 10 .0 Y=Ü .3 Z=0 .0100 .1
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0. 00 0 4.4141 3.797 4 .2 5 7 - 1.925 0.290 3.310 0.29010 .000 0.000 0.000 0.000
0,020 4.4139 3,799 4 . 2 5 4 - 1.929 0.294 3.310 0 .29010.000 0,000 0.000 0 . 0 0 0
0. 500 4.4069 3.858 4 ,1 6 7 - 2.026 0,397 2,840 0.29010 ,000 0,000 0,000 0,000
0 .9 00 4.3958 3,917 4 .0 6 4 - 2.134 0.511 2.520 0 .29010 .000 0.000 0,000 0.000
1.140 4.3846 3.958 3 .9 7 8 - 2.219 0.598 2,350 0 .29010.000 0.000 0,000 0.000 ■ y
1.380 4.3665 4,007 3 .8 5 7 - 2 ,330 0.708 2.000 0 .29010.000 0.000 0.000 0.000 j
1 .540 4.3469 4.045 3 .7 4 0 - 2 .428 0,804 1.630 0.29010,000 0.000 0.000 0.000
1.660 4.3250 4,079 3 .6 1 8 - 2 .527 0.902 1.450 0.29010 ,000 0.000 0,000 0.000
1 .730 4.3245 4.111 3 .5 8 4 - 2 .586 0.978 1,250 0 .29010.000 0.000 0.000 0.000 â
1.740 4.3563 4.149 3 .6 7 3 - 2.601 0.990 0,750 0 .29010.000 0.000 0.000 0.000
1.742 4.3181 4.154 3 .5 1 6 - 2 .678 0,990 2,520 0.290 1 .970 0.850 3.154 4 ,108
1.744 4.2711 4. 180 3 .3 0 2 - 2 .802 0.990 2.350 0,290 1 .960 1 .060 3.087 4.1 43
.0  Y=0 .3  Z=0 .0100
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh 10.0 00 4.4483 4. 037 4 .2 3 3 - 1.918 0.290 4,320 0.2901 2 .0 0 0 0.000 0.000 0.000 ■É
0.030 4.4479 4.041 4 .2 2 7 - 1,926 0.298 4.320 0.2901 2.000 0.000 0.000 0 .000 ■i
0.370 4.4411 4 ,09 8 4 .1 4 2 - 2 .026 0,394 3.960 0,290 4.140 0,000 0.000 0 ,000
0.650 4 .4 3 0 7 4. 153 4 ,0 4 6 - 2 .134 0.496 3.600 0.290 4.140 0.000 0.000 0.000 %
0 .8 90 4 .4 1 5 2 4,209 3 .9 2 8 - 2 .259 0.606 3.012 0.290 3.600 0.000 0.000 0.000 11.050 4.3977 4.252 3 .8 1 5 - 2 ,370 0,702 2.820 0.290 3,600 0,000 0 .0 0 0 0.000
1,170 4,3771 4. 29 0 3 ,6 9 5 - 2 ,480 0.792 2.400 0.290 3.600 0. 0 0 0 0.000 0,000 .1
1.290 4.3431 4.338 3 .511- 2 .640 0.920 1 ,956 0.290 3,600 0.000 0.000 0,000 »■
1.320 4.3380 4,355 3 .4 7 4 - 2 ,683 0.963 1.956 0.290 4,140 0.000 0.000 0.000
1.330 4.3433 4.363 3 . 4 8 6 - 2.691 0.977 1 .728 0.290 4.140. 0 .000 0.000 0,000 "31.337 4.3758 4,397 3 ,5 8 2 - 2 .703 0.990 1 .260 0.290 4.140 0.000 0.000 0.000 -
1.340 4 ,3 0 9 2 4.417 3 . 2 9 6 - 2 ,872 0.990 4.320 0,290 2,520 1.500 3.577 4.349
1.340 4.2709 4.428 3 . 1 3 2 - 2 .956 0.990 4,140 0,290 2.520 1.620 3.54.9 4.366 . - L #-h.
T a b le  5 .5  ( c o n t d . )
M= 2 . 0  Y =0 .2  2 = 0 . 0 1 0 0
t T e f f L 9 K2 Yc Mcc Ye Mcenv Msh Lc Lsh
0.000 3.9753 1.151 4 ,4 4 8 - 2 .1 5 6 0.190 0,212 0.190 2.000 0.000 0.000 0,000
0.200 3.9749 1.155 4 .4 4 3 -2 .1 6 1 0.202 0.212 0.190 2 .0 0 0 0 .0 0 0 0.000 0.000
1,800 3.9713 1.193 4 . 3 9 0 - 2 . 2 0 6 0.301 0.212 0.190 2.000 0.000 0.000 0 .000
3.200 3.9659 1.225 4 .3 3 7 - 2 .2 4 6 0.391 0 .2 1 2 0.190 2.000 0.000 0.000 0 .000
4.800 3.9569 1.259 4 .2 6 7 - 2 .2 9 4 0.498 0.230 0 .1 90 2. 0 0 0 0.000 0,000 0 .0 0 0
6,200 3.9462 1.286 4 .1 9 7 - 2 .3 3 6 0.596 0,212 0 .1 90 2.000 0 .0 00 0.000 0.000
7.4 00 3.9333 1 .307 4 , 1 2 4 - 2 . 3 7 5 0.692 0 .1 92 0.190 2.000 0.000 0.000 0,000
8.600 3.9147 1.327 4 . 0 3 0 - 2 . 4 1 8 0.807 0.150 0.190 2.000 0.000 0.000 0 .0 0 0
9,400 3.8984 1 .342 3 . 9 5 0 - 2 . 4 5 3 0.912 0.130 0.190 2.000 0.000 0.000 0.000
9.700 3.9014 1 .363 3 .9 4 1 - 2 .4 6 9 0 .9 69 0.108 0.190 2.000 0.000 0.000 0,000
9,750 3.9102 1.378 3 . 9 6 1 - 2 .4 7 4 0.980 0.108 0.190 2. 0 0 0 0.000 0.000 0,000
9.789 3.9410 1.439 4 .0 2 4 - 2 .4 9 6 0.990 0.008 0,190 2.000 0.000 0 , 0 0 0 0.000
9.803 3.9316 1.439 3 .9 8 6 - 2 .5 0 8 0.990 0.000 0.190 2.000 0.012 -1 .004 1.437
9.841 3.9265 1.450 3 .9 5 5 -2 .5 2 4 0.990 0.000 0 .1 90 2.000 0.028 ■1.307 1 .449
10.277 3.8663 1.473 3 .6 9 0 - 2 .6 1 4 0.990 0.000 0.190 2 .0 0 0 0.130 -0.731 1.470
M= 3 .2  Y=0.2 2=0 .010 0
t  T e f f  L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh 
0 . 0 0 0  4.1152 1.936 4 . 4 2 7 - 2 . 0 6 2  0.190 0 .640 0 .190 3 .2 0 0  0 .0 0 0  0 .0 0 0  0 . 0 0 0
0 .1 0 0  4.1144 1 .942  4 . 4 1 8 - 2 . 0 6 9  0.204 0 .640 0. 1 9 0  3.200 0 .0 0 0  0 .0 0 0  0 . 0 0 0
0 .7 0 0  4.1090 1.981 4 . 3 5 7 - 2 . 1 2 0  0.294 0 .5 8 2  0.190 3 .200 0 .0 0 0  0 .0 0 0  0 . 0 0 0
1 .300  4.1007 2 .022 4 . 2 8 3 - 2 . 1 7 5  0 .398 0 .522 0 .190 3 .200 0 .0 0 0  0.000 0 . 0 0 0
1.800  4 .0904 2.058 4 .2 0 5 - 2 .2 2 9  0 .500 0 .464 0 ,190 3 .200 0 .0 0 0  0 .0 00  0,000
2.200 4.0781 2.089 4 .1 2 6 - 2 .2 7 9  0 .597 0 .4 0 0  0.190 3 .200 0 .000 0 .0 0 0  0 ,0 0 0
2,600 4 .0589 2 .1 2 2  4 . 0 1 6 - 2 . 3 3 9  0 .719 0 .339 0 .190 3 .200 0 .0 0 0  0.000 0 .000
2. 8 0 0  4 .0443 2 .139 3 . 9 4 1 - 2 . 3 7 5  0 .8 0 0  0.307 0 ,190 3 .200 0 .0 0 0  0.000 0 ,000
3.000 4 .0256 2 .157 3 . 8 4 7 - 2 ,4 1 8  0 .904 0 .240 0 .190 3 .200 0 .000 0 ,000 0 ,000
3.075 4 .0229 2.172 3 . 8 2 2 - 2 . 4 3 7  0 .958 0.208 0 .190 3 .200 0 .000 0 .000 0 .000
3.094 4 .0283 2 .183 3 . 8 3 3 - 2 . 4 4 2  0 .974 0 .208 0 ,190 3 .200 0 . 0 0 0 . 0 . 0 0 0  0.000  
3*111 4,0626 2 ,243 3 .9 1 0 - 2 .4 6 2  0 .990 0 .029 0 .190 3 .200 0 .000 0 ,000 0 .000
3,114 4 .0494 2 .2 3 5  3 . 8 6 5 - 2 , 4 7 2  0 .990 0 .000 0,190 3 .200 0 .029 0 .049 2 .232
M= 5 . 0  Y=0,2 2=0.0100
t T e f f L 9 k2 Yc Mcc Ye Mcenv Msh Lc Lsh 1
0,000 4.2299 2,640 4.376 -1 .9 8 6 0.190 1 .175 0.190 5.000 0.000 0.000 0.000
0 .3 00 4.2293 2.645 4,369 -1 ,9 93 0.201 1 .175 0.190 5.000 0.000 0.000 0.000
3 .0 00 4.2221 2.696 4,289 -2 .0 62 0.312 1.090 0.190 5,000 0 .0 00 0.000 0,000
4.600 4.2156 2,729 4.230 -2 .1 1 0 0,392 0.910 0,190 5.000 0,000 0.000 0.000
6.200 4.2059 2,766 4.154 -2 ,1 66 0.490 0.815 0.190 5,000 0.000 0.000 0.000
7.800 4.1 9 0 6 2.807 4.051 -2 .2 36 0.613 0.725 0.190 5.000 0 .0 0 0 0,000 0 .0 0 0
9 .000 4.1718 2,843 3,941 -2 ,3 0 3 0.734 0.625 0.190 5.000 0.000 0.000 0,000
9.600 4,1577 2,863 3.864 -2 ,3 46 0.811 0,530 0.190 5.000 0 ,0 0 0 0.000 0.000
10,200 4.1397 2.887 3.768 -2 .3 98 0. 9 1 5 0,425 0.190 5.000 0 .0 00 0.000 0.000
10.400 4,1392 2 ,9 0 2 3.751 - 2 .4 16 0.963 0.375 0.190 5.000 0 .0 0 0 0.000 0,000
10,475 4.1513 2.919 3.783 -2 .421 0.982 0.325 0.190 5.000 0 .0 0 0 0.000 0,000
10,502 4.1754 2.957 3.841 -2 .4 37 0.990 0.070 0,190 5.000 0,000 0.000 0 , 0 0 0
10.515 4.1551 2,957 3.760 -2 .463 0,990 0.000 0.190 5.000 0.110 1.145 2.950
10.517 4.1533 2.961 3.748 -2 ,471 0.990 0.000 0.190 5.000 0,110 1 .066 2,95 5
1 6 ^
T a b le  5 .5  ( c o n t d . )
M= 8.0 Y = ü.2 .'1 = 0.0100
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0.0 00 4.3363 3.330 4 . 3 1 6 - 1 .9 2 3 0 .1 90 2.272 0.190 8 .000 0.000 0.000 0.000
0.100 4.3358 3.334 4 . 3 0 9 - 1 .9 2 9 0.199 2.272 0.190 8 .000 0.000 0.000 0.000
0.950 4.3304 3.378 4 . 2 4 3 - 1 . 9 9 3 0.291 2.016 0.190 8 .000 0.000 0.000 0.000
1.750 4.3219 3.426 4 ,1 6 2 - 2 .0 6 8 0.399 1.744 0.190 8 .000 0.000 0.000 0.000 ’1
2.350 4.3116 3.468 4 . 0 7 9 - 2 . 1 3 7 0.501 1 .456 0.190 8 ,000 0.000 0.000 0.000 %2.8 50 4.2981 3.507 3 .986 -2 .2 11 0.610 1.304 0.190 8 .000 0,000 0.000 0 .000 :4
3.150 4.2859 3.534 3 . 9 1 0 - 2 . 2 6 5 0.692 1.160 0.190 8 .000 0.000 0.000 0.000 ■ts3.450 4.2680 3.564 3 . 8 0 8 - 2 .3 3 4 0.795 1.000 0.190 8.000 0.000 0.000 0 .0 0 0
3.700 4,2467 3.596 3 .6 9 1 - 2 .4 0 9 0.914 0.768 0,190 8 ,000 0.000 0.000 0.000
3.775 4.2458 3.612 3 .6 7 2 - 2 .4 3 3 0.964 0.768 0.190 8 ,000 0.000 0.000 0.000
3.800 4.2548 3.623 3 . 6 9 6 - 2 . 4 3 7 0.980 0.680 0,190 8 .0 0 0 0.000 0.000 0.000 3
3.813 4.2787 3.655 3 . 7 6 0 - 2 . 4 5 0 0.990 0.176 0.190 8 .000 0.000 0.000 0.000 13.818 4.2474 3.656 3 .6 3 4 - 2 .4 9 7 0.990 o.odo 0.190 8 .000 0.264 2.105 3.644
3.824 4.2243 3.678 3 .519 -2 .5 61 0.990 0.000 0.190 8 .000 0.432 2.061 3 .667
(1=1C .0 Y =0.2 2=0.0100
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0.000 4.3826 3.641 4 . 2 8 6 - 1 .9 0 2 0.190 3.150 0.19010 .000 0.000 0.000 0.000 "%
0 .100 4.3819 3.649 4 . 2 7 6 - 1 . 9 1 3 0.204 3.000 0.19010 .000 0.000 0.000 0 .000 i
0.660 4.3765 3.695 4 .2 0 8 -1 .9 8 4 0.294 2.840 0.19010 .000 0,000 0.000 0.000
1 .220 4.3672 3.749 4 . 1 1 8 - 2 . 0 7 3 0.407 2.350 0.19010.000 0.000 0.000 0.000
1.620 4.3560 3.793 4 . 0 2 8 - 2 .1 5 4 0.512 2,180 0.19010 .000 0. 0 0 0 0.000 0.000 A
1,940 4.3416 3.835 3 .9 2 9 - 2 ,2 3 7 0.617 1.820 0,19010 .000 0.000 0.000 0.000
2.180 4.3245 3,870 3 .8 2 5 - 2 .3 1 8 0,720 1.630 0.19010 .000 0. 0 0 0 0.000 0,000
2 .3 40 4.3071 3,898 3 . 7 2 8 - 2 .3 8 7 0.808 1.450 0.1901 0 .000 0 .0 0 0 0. 000 0.000
2.460 4.2898 3.922 3 .635 -2 ,4 51 0.891 1.250 0.19010 .000 0.000 0 .0 0 0 0.000 "■A
2.540 4.2832 3.946 3 . 5 8 4 - 2 . 5 0 0 0.966 1.060 0.19010 .000 0.000 0.000 0.000 1
2.555 4 .2948 3.959 3 .6 1 8 - 2 ,5 0 3 0.983 1.060 0.19010.000 0.000 0.000 0,000
2.561 4.3164 3.988 3 .6 7 5 - 2 .5 1 9 0.990 0.540 0.19010.000 0.000 0.000 0.000
2.565 4.2696 3,989 3 .4 8 7 -2 .5 9 4 0.990 1.820 0.190 1.750 0.650 2.755 3,963 ■'.'î
2,566 4.2599 3.997 3 ,440 -2 .6 21 0.990 3.000 0.190 2 .840 0,750 2,774 3.970 .4
M=n . 0 Y = 0.2 Z=0.Ü1Ü0
t T e f f L g k2 Yc Mcc Ye Mcenv Msh Lc Lsh
0 .0 00 4.4184 3.888 4 .2 6 2 - 1 .8 9 0 0 .1 90 4.140 0 .1 9 0 1 2 . 0 0 0 0.000 0 .0 00 0,000
0.050 4.4179 3.893 4 , 2 5 5 - 1 ,8 9 8 0.199 3,972 0.19012 ,000 0.000 0,000 0.000
0.510 4,4118 3.946 4 . 1 7 7 - 1 ,9 8 4 0.299 3.600 0 .1 90  3.972 0.000 0.000 0 .000 "si
0.910 4.4023 4.001 4 . 0 8 5 - 2 . 0 8 0 0.411 3.216 0.190 3 .780 0.000 0,000 0 ,000 ■-I
1.150 4.3931 4,038 4 .0 1 0 -2 .1 5 3 0.492 3.024 0.190 3 .780 0.000 0,000 0,00 0 'i
1.390 4 .3 79 0 4.081 3 , 9 1 1 - 2 .2 4 5 0.592 2.616 0.190 3 .780 0.000 0.000 0,000
1.630 4.3546 4.132 3 .7 6 3 - 2 .3 6 9 0.726 2 .1 8 4 0.190 3 .780 0.000 0.000 0.000
1.750 4.3352 4.161 3 .6 57 -2 .4 51 0.811 1.956 0.190 3.780 0.000 0.000 0.000
1.870 4.3065 4.198 3 ,5 0 4 -2 .5 6 4 0.933 1 .500 0.19012 .000 0.000 0.000 0.000
1.900 4.3090 4,214 3 .4 9 8 - 2 .5 9 0 0.975 1.500 0.19012 .000 0.000 0,000 0,000 "î
1.910 4.3397 4.250 3 .5 8 5 - 2 .6 0 7 0.990 0.900 0.19012.000 0.000 0.000 0.000 11.910 4.3428 4.254 3 ,5 9 3 -2 .6 1 0 0,990 3,972 0.190 3 .600 0.780 3,740 4 ,095 : l1.912 4.3133 4.239 3 . 4 9 1 - 2 .6 3 2 0.990 3.024 0.190 2 .184 0.900 3.360 4 .177
1.912 4.2906 4.249 3 . 3 9 0 - 2 .6 8 8 0.990 2.820 0.190 2 .184 1.020 3.294 4.19 8
lis
5 . 4  THE APSIDAL MOTION CONSTANT
The main purpose in  con stru ctin g  evo lu tionary  sequences for  main-
sequence s ta rs  was to extend the number o f th e o r e t ic a l c a lcu la tio n s  o f  the
ap sid a l constant , fo r  evolved  s ta r s .  The l in e  o f  apsides in  a c lo se
binary system  p rocesses a t a ra te  governed by the d en sity  d is tr ib u t io n
w ith in  the two components. T h eoretica l values for  , corresponding to
the second harmonic o f  the mutual t id a l  d is to r t io n  (o f c h ie f  importance in
p r a c t ic e ) ,  are obtained  by in te g r a tin g  the standard Radau equation  
2. (A ci(c 2. (3)-
—I— A 4 "  -------- - " T —  — - — ——K"—  C  ~  O<AV~ CIV V” (5 -4 )
which has the boundary con d itio n
^  = o  «-t r = O » (5 _5 )
and in  which U i s  the homology in v a r ia n t (2 -2 3 ), r i s  the radius and Mr 
the mass contained w ith in  a sphere o f  radius r (Schw arzschiId, 1958). (5 -4 )  
i s  in teg ra te d  over the e n t ir e  s ta r  from r « 0 to r « R, The su rface  
con d ition  then y ie ld s  the a p sid a l constant
(5-6)
4-C 4 2v”Ac/cJv“  ^ Y-g ft.
Several authors have computed va lu es o f  (<^  , for  main-sequence s t e l l a r
models and have made couparisons w ith  values o f  derived  from ob servation s i
o f  binary system s. Early r e s u lt s  (Schw arzschild , 1958: Kopal, 1965) showed |
a wide discrepancy between theory and ob servation . Improvements in  both
theory (Petty, 1973; Odell, 1974; 8tothere, 19%%)and references therein) j
and ob servation s (Monet, 1980; Gimenegand G arcia-P elayo, 1982; and references^
th ere in ) have le d  to considerab ly  improved agreement. Where Monet (1980) ^
fin d s a s ig n if ic a n t  d iscrepancy between values o f  kj. obtained  from the î
a n a ly s is  o f  sp ec tro sco p ic  and e c l ip s in g  binary o r b its  and the va lu es o f  >
for  homogeneous main-sequence s ta r s  given by S to th ers , Gimenez e t  a l
attem pt to re so lv e  the c o n f l ic t  by considering  changes in  due to  the |
ev o lu tio n  o f  the binary s ta r  conponents. T h eoretica l determ inations o f  k^  |
fo r  evo lv in g  m-s s ta r s  are given  by P e tty , S tothers and O d ell. S tothers |
'i
claim s th at assuming r e la t iv e  changes o f  p h y sica l q u a n tit ie s  along an 
evolutionary  sequence are independent of mass, observed values o f  fo r  Y Cyg' 
«X V ir, AG P er, CO Lac and CW Cep are in  good agreement w ith  p red ic tio n s  
based on the evo lu tionary  s ta te  o f  the systems when the Carson o p a c it ie s  
are used. Further c a lc u la t io n s  o f  kj. for  evolved  system s are needed in  
order to t e s t  S to th ers' assunption . t
We have ca lcu la ted  the a p sid a l motion constant for  each s t e l l a r  
model during the con stru ction  o f  both zero-age and evo lu tionary  sequences.
The s t e l l a r  models have already been d iscu ssed  in  se c t io n s  5 .2  and 5 .3 ,  
where values for  k% are g iven  in  ta b le s  5 .2 ,  5 .4  and 5 .5 . Figure 5 .6  JJcompares our r e s u lts  for  k% in  homogeneous s ta r s  w ith  th ose o f  S tothers |
(1974b) confirm ing h is  r e s u lts  for  2 i  N/M  ^ ^ 1 0 . |
S ince age i s  a d i f f i c u l t  parameter to measure accu ra te ly  in  binary  
system s, Gimenez e t  a l (1982) adopt the a g e -s e n s it iv e  q u antity  R, the s t e l l a r  
ra d iu s, as an observable age in d ic a to r . The su rface grav ity  (g « GM/R  ^ ) ;
i s  an eq u iva len t parameter,. Choosing zero-age main sequence values for  
and g from th e o r e t ic a l ZAMS models o f  an appropriate m ass, Gimenez e t  a l 
con stru ct and p lo t  the d iffe r e n c e s
A  lo g  8 ■ 8 obs ■ 8 aVMS.
A  1-°S k . = lo g  -  lo g  K  2AMS  ^  ^ i
JFor s ta r s  which have not evo lved  beyond core-hydro gen eachaustion (TAMS), 
the observed values o f  and g g ive  a s lop e  c c: 1 fo r  the r e la t io n
A log  kg. « c , A log  g , (5 -8 )
independently o f  the th e o r e t ic a l ZAMS models chosen. When the ob servation s  
are s p l i t  in to  two groups, Gimenez e t  a l f in d  that the group w ith higher  
s t a t i s t i c a l  w eigh t, which i s  a lso  th a t o f  h igher mean mass, has a s l ig h t ly  j
larg er  s lop e (c  •“ 1 .04 0 .0 9 ) than obtained  for  the group w ith  lower w eight
(c  w 0 ,9 6  t  0 .06 ' for  both groups combined ), Includ ing s ta r s  w ith  very "4
large va lu es o f  A log  k,. , the s lo p e  i s  reduced to c cr 0*8, These systems
may represent s ta r s  which have evolved  beyond the TAMS,
I
 ______  S4to+ke.rs I 9  7  / f
. FV<e.servt4“ <-}CSvl% ,
( X e , 'Z e') Com ■posi Won
Figure 5 .6  The apâidàl motion constant as a fu n ction  o f mass and com position  
fo r  ZAHS models. Values obtained by S tothers (1974b) are a lso  
shown (broken l in e s ) .  The in terp o la ted  l in e s  for log  M/M  ^ < 0 .3  
should be d isregarded.
"a
In fig u re  5 .7  we p resen t A lo g  as a fu n ction  o f  A lo g  g from our
evolutionary  sequences fo r  3 i n i t i a l  con p osition s and masses 12  ^ M/M^ y > 2
The p o in t (A lo g  g -  0 ,  A  log  = 0) corresponds to the ZAMS m odels, the
h o r izo n ta l * hooks' correspond to the blueward loops in  the evo lu tionary  if
tracks where 0 .0 5  > X > 0 , where X i s  the cen tra l hydrogen abundance.. c c
The l in e
A  lo g  = A  lo g  g 
i s  a lso  shown. We fin d  th a t for  core-hydrogen-burning s ta r s  (X  ^ > 0 .0 5 )  
the s lop e  c i s  considerab ly  le s s  than un ity  for  low-mass s ta r s  and in crea ses  
w ith  in crea sin g  mass in  the range 12 > M/M^  ^ > 2, Typical va lu es fo r  c |
are given  in  ta b le  5 .6 ,  but i t  should be noted th a t c i s  not a constant
during m-s e v o lu tio n  fo r  any given  model. A fter TAMS (X  ^ = 0 ) ,  c i s  
considerab ly  reduced. For the range o f com positions considered  we f in d  
th a t a s ta r  fo r  which . %
A  lo g  -  0 ,4
and (5 -9) '4
A  lo g  kj.  ^ - 0 . 7  + 0 .5  Xe + A lo g  g /  (0 .46  + Ze) 
i s  l ik e ly  to be in  a p ost main-sequence evo lu tionary  phase. We have not
in v e s t ig a te d  the use o f  d if fe r e n t  o p a c it ie s  on the shape and len gth  o f  the 
( lo g  R,. ; lo g  g) curves.
These r e s u lts  are in  good general agreement w ith  the o b serva tion a l Ir e s u lt s  o f  Gimenez e t  a l (1982), in c lu d in g  the d iffe r e n c e  in  c d etected  fo r  >
’lower-mass s ta r s .  Agreement w ith  S to th ers' (1974b) r e s u lt s  fo r  the ev o lu tio n
Io f  a 10.9 Mq s ta r  i s  a lso  ach ieved , S to th ers' assumption th a t r e la t iv e  
changes in  p h y sica l q u a n tit ie s  are independent o f  mass appears to be f a l s e ,  
ca stin g  doubt upon the su ccess o f h is  in te r p r e ta tio n  o f  K,. fo r  AG Per 
(M -  5 Mjp ) and CO Lac (M «  4 ) ,  Assuming the same ages and masses for  ^
th ese  system s as S to th e r s , p red ic ted  values fo r  lo g  kx. are rec a lcu la ted  
as fu n ction s o f  Ze u sing  the data in  tab le  5 .5 . These are compared w ith  
S to th ers' va lues and observed va lu es given by P etty  (1973) in  ta b le  5 .7
173,
X=0.7 Z=0.02 6-10-82
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F ig u ït  5 .7  Changes in  the ap sid a l motion constant during m-S ev o lu tio n
are p lo tte d  a g a in st the corresponding change in  su rface g r a v ity , & 
fo r  masses M/Mq ^ ^ 2 , 3 .2 ,  5 , 8, 10, 12  ^ and three com positions 
in d ica ted  in  the diagrams. The l in e  = A  I g  ^
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Table 5 .6  Values o f  c for the approximate r e la t io n  A lo g  kj. -  c. A lo g  g Ÿ
for main-sequence ev o lu tio n , tabu lated  as a fu n ction  o f  mass '4
and com position. c i s  obtained  from evolutionary  tracks by comparing the |
models for Xc -  Xe and for  Xc 0 .1 0 . Note th at the r e la t io n  i s  not 2
lin e a r  throughout main-sequence ev o lu tio n .
Mass (M.f /Mo ) Composition J
X * 0 .7 ,  Z = 0 .0 2  X = 0 .7 ,  Z = 0 .01  X '1 ^ 0 .8 ,  Z « 0 .01  1
. . . .
2 0 .59 0 .64 A0 .6 0  g
3.2 0 .6 5 0 .6 9 0 .6 2
5 0 , 75 0 .7 6 0 .6 8
8 0 .9 0 0.87 0 .7 8  ^
10 0 .9 8 0.94 0 .8 4  j
12 1.05 1.00 0 .8 9
1 1 ,1 3 0 .94 w "i
1
Table 5 .7  P red icted  and observed values o f the ap sid a l motion constant
fo r  two e c l ip s in g  binary system s.
System Mass t/tm s log
(4;') P etty (1973) S tothers (1974b) Current
AG Per *^ 5 (0 .4-5xZ e) -2.20*^ -2 .2 0 -3y .(Z e-0 .03 ) J-2 .2 0 -8 x (Z e-0 0 )
CO Lac *^ 4 (0.4-7AZe) -2 .3 7 ^  -2 .34 -7 x (Z e~ 0 .0 3 ) -2 .20-3x(Z e-0:b |
. . .  _______ __ _____  M
Sources: a .  Kopal (1965)  k SeMeniiik (196?)
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11IThe d if fe r e n t  range in  Ze for  which we in te r p o la te  has a sm all e f f e c t  
which may p a rtly  account for  the sm all discrepancy in  the p red ic ted  va lu es o f  0  
lo g  kx for  AG Per. S ince AG Per i s  a w e ll determined system  in  a |
r e la t iv e ly  unevolved s ta te  i t  i s  reasonable that both our method and 
S to th e r s ’ method (based on an assu n ction  eq u iva len t to s e t t in g  c ~ 1 for  a l l  
s ta r s )  should lead  to good agreement w ith  o b serv a tio n s. 5
4
This s itu a t io n  no longer holds fo r  CO Lac. P etty  (1973) fin d s 9
th at the observed values o f the s t e l l a r  r a d ii obta ined  from sp ectro sco p ic  
s tu d ie s  o f  the o r b it  by Smak (1967) imply th at CO Lac i s  c lo s e  to the ZAMS, %
w h ile  the observed value o f  (SemeniiÆk, 1967) im p lies  th a t CO Lac has
evolved  some d ista n ce  away from the ZAMS. By dlropping the assunçjtion that
c « 1 we fin d  th a t the Carson o p a c it ie s  f a i l  to r e so lv e  th is  c o n f l i c t ,
co n tra d ic tin g  S to th e r s ’ r e s u lt .  An exam ination o f  the ob serva tion a l data |
. . .  ■ 2’ i s  in s tr u c t iv e .  CO Lac has a spectrum w ith  broad and d iffu se  m e ta ll ic  %
lin e s  and p o ss ib ly  stron g  lin e -b le n d in g . Smak obtained  sp ectra  a t  a
d isp ers io n  o f  approxim ately 39 A/mm. His a n a ly s is  g iv es  a mean value for
the r a d ii o f  the two components o f  2 .63  R© ♦ I f  we assume th at the ap sid a l
motion constant obtained  by Semeniuk i s  co rr ec t, we can ob tain  an estim a te  o f
the expected  mean radius o f  the conQ>onents. Assuming a mass o f  ^ 4  M© , |
Xe « * 0 .7 , our evo lu tionary  tracks g ive  |
log  Kx ^ -  1 .9 8  -  5 Ze -  0 .4  (5 -10)
lo g  R/R© 0 .30  + 2 Ze + 0 .2 8  b /  bms (5-11)
where "lAvvis i s  the age o f  the system  in  terms o f  i t s  main-sequence li f e t im e
E lim inating g ives
log  R/R©&* -  1 .09  -  1 .5  Ze -  0 .7  log  R, (5-12)
and w ith  the observed va lu e for  lo g  Kx « -  2 .3 7 ,
lo g  R/R@* 0 .5 7  -  1 .5  Ze (5-13)
I f  we assume a m e ta l l ie i ty  o f  à: 3% then the observed kx. requ ires an 
in cr ea se  in  the observed r a d ii corresponding to an in crea se  in  the o r b ita l  
elem ents Kj and o f
  '   _   . '         ' ____
T/''::'
....... î l
CK» + K-o. ^expected
(^ 1 ”*■ ^2-^observed
1 .27
A llow ing fo r  the h ig h ly  approximate nature o f  th is  argument, an error o f  
a t  le a s t  + 0 .0 5  i s  l ik e ly .  In view o f p o s s ib le  lin e -b le n d in g  e f f e c t s  which 
may have been overlooked in  Sraak’s a n a ly s is ,  an in crea se  o f  20% or more in  
the observed va lu es o f  K, and Ko. i s  p o s s ib le  (Hi1d itc h , 1982: p r iv a te  
communication). While th e o r e t ic a l s tu d ie s  have m ostly f a i le d  to in te r p r e t  
the ap sid a l motion in  CO Lac, we consider i t  more l ik e ly  to be reso lv ed  by 
an improvement in  the o b serv a tio n a l data, p a r t ic u la r ly  a sp éctro sco p ic
;>lrede term ination  o f  the o r b it ,  than by changes to th e o r e t ic a l itwdels o f  ^
s t e l l a r  e v o lu tio n .
Gimenez e t  a l  (1982) attem pt to determine a t e s t  fo r  the op acity  by 
assuming th a t the s lop e  c in  the A lo g  -  A lo g  g r e la t io n  i s  equal to 
u n ity . As the mean error in  the observations i s  grea ter  than the 
d iffe r e n c e  between models constructed  w ith  Cox-Stewart and w ith Carson 
o p a c it ie s ,  they a ttach  l i t t l e  w eight to th e ir  marginal p referen ce fo r  the 
Carson o p a c it ie s .  As already in d ica te d  the assumption c ~ 1 i s  f a l s e ,  
reducing the v a l id i t y  o f  th is  preference s t i l l  fu rth er .
We have shown th a t most observed values o f the a p sid a l motion consta%it 
kz, in  binary system s may be accounted fo r  by con sid ering  the ev o lu tio n  o f  
th e ir  components. In one o f  those system s (CO Lac) in  which th is  i s  not - 
th e case i t  i s  l ik e ly  th a t b e t te r  o b serva tion a l data w i l l  re so lv e  the problem. 
The ev o lu tio n  o f i& m ass-dependent.
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5 . 5 .  SUMMARY
Our r e su lts  o f  ca lc u la tio n s  o f  s t e l l a r  stru ctu re  and ev o lu tio n  for  
main-sequence s ta r s  are la r g e ly  o f an exp loratory  nature. Some e s ta b lis h  
known fea tu res  o f s t e l l a r  models constructed  w ith  the Carson o p a c it ie s .
These are as fo llow s :
1) Carson o p a c it ie s  have l i t t l e  e f f e c t  on the zero-age main-sequence for  ïî 
M < 12 M© , although i t s  grad ient i s  s l ig h t ly  in creased  fo r  M ^ 2 Mg,
(S to th ers , 1974a).
2) For M 10 Mq , Carson o p a c it ie s  lead  to d istended envelopes and c o n v ec tiv e#
-Iin s t a b i l i t y  in  the CNO io n is a t io n  zone (S to th ers , 1976c). !
3) The cen tra l condensation o f  m-s s ta r s  i s  in creased  when the Carson 
o p a c it ie s  are used. This leads to lower values for the ap sid a l motion 
constant Kj. (S to th e rs , 1974b).
E volutionary s tu d ie s  w ith  the Carson o p a c it ie s  g iv e  the fo llo w in g  r e s u lt s  |
1) The main-sequence ev o lu tio n  o f  s ta r s  w ith  2 < M/M© < 10 i s  u n affected .
2) The main-sequence l i f e t im e  o f  s ta r s  w ith  r a d ia tiv e  cores i s  reduced by a 
fa c to r  p o ss ib ly  as sm all as 0 ,7 .
S tud ies o f  the ev o lu tio n  o f  the ap sid a l motion constant show good 
general agreement w ith  the o b serv a tio n s, The d e ta ile d  agreement found by 
Stothers (1974b) i s  not upheld fo r  a l l  binary system s. The c o n f l ic t  
between theory and ob servation  fo r  CO Lac i s  not reso lved  by using the  
Carson o p a c i t ie s .
J-.V" V ' ' • -s '■' ■ ” ■ ' ' “ ' ' - -^ =' .t-. - . -. ' - 'V ' Y' '^'
6 CONCLUSION
We have examined a number o f  asp ects  o f s t e l l a r  stru ctu re  and ev o lu tio n .
In view o f  the apparent su ccess o f  the Carson o p a c it ie s  in  th e o r e t ic a l s tu d ie s  
o f  s t e l l a r  p u lsa tio n  we have adopted the Carson o p a c it ie s  in  th e o r e t ic a l  
s tu d ie s  o f  both main-sequence and horizontal-branch  s ta r s .
While p u lsa tio n  s tu d ie s  provide a t e s t  for  the envelope o p a c ity , s t e l l a r  
ev o lu tio n  s tu d ie s  t e s t  the op a c ity  a t h igher tenperatures and d e n s it ie s .
However the t e s t  may determine only that the o p a c ity  g iv es  r e s u lts  c o n s is te n t  
w ith  o th er  o p a c it ie s  and w ith  observations* and not th a t i t  i s  " b e tter” than 
oth er o p a c it ie s .  Many o f the r e s u lt s  in ferr ed  from our c a lc u la t io n s  are 
th erefore  consequences o f  the adopted o p a c ity , and not te s ts , for  the o p a c ity . 
More ex ten s iv e  c a lc u la t io n s  (and, in  some ca ses , b e t te r  ob servation s) may a lt e r  
th is  s i tu a t io n .
In chapter 4 we found th a t the op acity  value has a sm all e f f e c t  on the 
p o s it io n  o f  the zero-age h o r izo n ta l branch. Due to the lack  o f  o p a c ity  data 
for  population  I I  m e t a l l i c i t i e s , the apparent in crea se  in  the s e n s i t iv i t y  
o f  the zero-age p o s it io n  to the m e ta l l ie i ty  found w ith  the Carson o p a c it ie s  
may be an a r te fa c t  o f  the in te r p o la t io n  procedure. The in crea se  in  the 
i n i t i a l  core lum inosity  and the decrease in  the i n i t i a l  con vective  core mass 
appears to be a r e a l consequence o f  using the Carson o p a c it ie s  rather than 
the Co3t-Stew art o p a c it ie s .  A reduction  o f approxim ately 25% in  the 
h o r izo n ta l branch l i f e t im e  fo llo w s from th ese  changes. The behaviour o f  
the h ydrogen-shell lu m in osity  (L^ ) during the ev o lu tio n  o f the helium -core  
i s  a lso  m odified . An in crea se  in  means th a t ’blueward'
ev o lv in g  h o r izo n ta l branch s ta r s  l i e  below the zero-age h o r izo n ta l branch for  
most o f  th e ir  life t im e *  For a g iven  core mass and com position th is  means 
th at the tim e-averaged lu m in osity  o f  h o r izo n ta l branch s ta r s  i s  reduced.
The in c lu s io n  o f  sem i-con vection  in  the ev o lu tio n  c a lc u la t io n s  i s  u n lik e ly  to 
a lt e r  th ese  r e s u lts  s ig n i f ic a n t ly ,
In chapter 5 we confirmed th a t the Carson o p a c it ie s  have a marked
in flu en ce  upon the s tru ctu re  o f  zero-age main-sequence s ta rs  only for  
m assive s ta r s .  S tothers found a con vective  region  in  the CNO io n is a t io n  i
zone and a su b s ta n tia l reddening o f the ZAMS for masses greater  than 10 M<2>
For lower mass s ta r s  there i s  on ly  a sm all reduction  in  both lum inosity  
and e f f e c t iv e  temperature. The main-sequence e v o lu tio n  o f s ta rs  w ith  masses 4
2 < M/M© < 10 appears to be u n affected  by the change in  o p a c ity . For s ta r s
w ith  con vective envelopes (M/M© < 2) the method chosen to tr e a t  convection  
has an e f f e c t  on the zero-age p o s it io n s  o f main-sequence s ta r s  comparable ,1w ith  th a t o f  choosing the o p a c ity . However only the change in  op a city  -s
leads to s ig n if ic a n t ly  lower lu m in o s it ie s . For the few evo lu tionary  
sequences c a lc u la te d , main-sequence life t im e s  for  s ta rs  w ith  r a d ia t iv e  cores 
are reduced by approxim ately 30%.
An in v e s t ig a t io n  o f  the behaviour o f  the ap sid a l motion con stan t, 
during main-sequence ev o lu tio n  demonstrates that roost observed va lu es o f  
may be exp la ined  in  terms o f  the ev o lu tio n  o f  the binary components. One 
excep tion  (CO Lac) may be reso lv ed  by a r e determ inâtion  o f the o r b ita l  
8 emi-anç) 1 i  tudes *
Any C0 IÏÇ)rehensive study o f s t e l l a r  ev o lu tio n  concerned w ith  population  II  
s ta r s  should ev en tu a lly  be ab le  to in te r p r e t the observed p ro p ertie s  o f  ]
g lobu lar c lu s te r  s ta r s .  In our study we have looked in  some d e ta il  a t the i
p ro p ertie s  o f th e o r e t ic a l h o r iz o n ta l branch s ta r s ,  we have fo llow ed  the {
ev o lu tio n  o f  two low mass main-sequence s ta r s ,  and have not examined |
ev o lu tio n  on the red -g ia n t branch.
The usual method for estim atin g  the helium  abundance in  g lobu lar  
c lu s te r s  r e l ie s  on a sp ec tro sco p ic  determ ination o f the c lu s te r  m e ta l l ie i ty  
and the r a t io  o f  the numbers o f h o r izo n ta l branch s ta r s  to  the number o f red 
g ia n ts  w ith  lu m in o s it ie s  grea ter  than that o f  the RR Lyrae v a r ia b les  in  the 
c lu s te r . Evolutionary c a lc u la t io n s  g ive  the r a tio  o f  the l i f e t im e s  o f  
h o rizo n ta l branch s ta r s  to those o f  the red g ia n ts  as a fu n ction  o f  the heliim i 
abundance and m e t a l l ie i t y ,  from which the helium  abundance may be obtained . . ;
We have already noted th a t s t e l l a r  ev o lu tio n  ca lc u la tio n s  fo r  s ta rs  burning i
nuclear fu e l in  r a d ia tiv e  zones are se r io u s ly  a ffe c te d  by changing the  
o p a c ity . Without s tu d ie s  o f  red g ia n t ev o lu tio n  w ith  the Carson o p a c it ie s ,  
we cannot estim ate  c lu s te r  helium  abundances using th is  method. In order to ?
avoid any reduction  in  the estim ated  helium  abundance, the time taken for a 
s ta r  to evolve from the RU Lyrae lum inosity  to the red g ia n t t ip  must be 2
reduced by an amount equal to the r e la t iv e  reduction  in  the h o r izo n ta l  
branch l i f e t im e  (approx, 25%). j
Studies o f  red g ia n ts  are a lso  required to determine 
1) the helium -core mass o f  h o r iz o n ta l branch s ta rs  as a fu n ction  o f  i n i t i a l  
com position and 2) the helium  enrichment o f  the envelope due to con vective  
'dredge-up' during g ia n t branch ev o lu tio n . Both o f  these are required  
b efore 'evo lved ' h o r izo n ta l branches may be constru cted .
In order to account for  the observed w idth in  both lum inosity  
( (  lo g  L cr 0 ,2 )  and e f f e c t iv e  temperature ( (  lo g  A 0 .3 )  o f the 
h o rizo n ta l branch we need to assume th at there i s  a v a r ia tio n  in  to ta l  mass 
and, p o s s ib ly , com position amongst the c lu s te r  s ta r s .  The Carson o p a c it ie s
lead  to longer evo lu tion ary  tracks ( e .g .  < lo g  T^ jp cr o . 2 w ithout serai- 
ConVection, see  f ig u re  4 .2 )  and sm aller  d ev ia tio n  from the zero-age  
h o r izo n ta l branch ( $ lo g  L ± 0 .1 ) ,  The f i r s t  result Im plies that a sm allet 
v a r ia tio n  in  to ta l  mass may be needed to account for  the observed w idth in  
e f f e c t iv e  temperature than th a t in d ica te d  by the Cox-Stewart o p a c it ie s .
The second r e s u lt  su g g ests  that a com position v a r ia tio n  (e .g .  6 Ye ^  0 ,0 2 )
must e x i s t  w ith in  the c lu s te r  in  ad d ition  to any mass v a r ia tio n . I t  may 
be e a s ie r  to account for  com position inhom ogeneities in  the " p ro to c lu ster” 
than for  large v a r ia tio n s  in  m ass-lo ss  between s ta rs  o f  s im ila r  mass And 
com position.
Observations o f  the d iffe r e n c e  between the lum inosity  le v e l  o f the 
h o rizo n ta l branch and Of the main-sequence tu rn off p o in t lead  to an age 
determ ination for a g lobu lar c lu s te r  when combined w ith th e o r e t ic a l isochrones  
fo r  the main-sequence ev o lu tio n  o f  low mass s ta r s .  More evo lu tionary  
sequences ca lcu la ted  u sing the Carson o p a c it ie s  are required  before a f u l l
. . .. _ _    ,_....... .... _  .. .._ __A ....... .... ....  ......
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grid  o f  isochrones can be con stru cted . For the two sequences we have 
ca lc u la te d  fo r  1 M© s t a r s ,  comparisons w ith  Hejle s e n 's  (1980) r e s u lt s  show 
a s h i f t  in  the isochrones fo r  an age 5 x  10  ^ years o f S lo g  L 0 .2  a t  
the main-sequence tu rn off p o in t. The corresponding s h i f t  a t a f ix e d  tu rn off  
lum inosity  i s  a drop in  age o f  i  lo g  t  cc 0 .3 .  The reduction  in  main- 
sequence l i f e t im e s  o f approxim ately 30% may rep resent a lower l im it  to the 
s h i f t  o f  the isoch ron es, and our estim ate  o f  ^ log  t  -  0 .3  may represent
an upper l im it  to the combined e f f e c t s  o f the s h i f t  in  the ZAMS p o s it io n  and
the reduced l i f e t im e .  With the lim ited  data a v a ila b le  we a n tic ip a te  that 
the Carson o p a c it ie s  in p ly  a reduction  by 40% + 10% in  the estim ated  ages 
o f  g lobu lar c lu s te r s .
The s ig n if ic a n c e  o f  reducing the age o f the g lobu lar c lu s te r  system  by 
such an amount l i e s  in  the im p lic it  lower age l im it  fo r  the u n iverse .
Using Hejle s e n 's  main-sequence iso ch ro n es, N issen  (1982) derives a lower age 
l im it  o f  1 .6  X 10'* years from Stromgren photometry o f tu rn off s ta r s  in  
NGC 6397. Using the models o f Sweigart and Gross (1976, 1978), Bandage (1982] 
ob ta in s an absolu te age fo r  the g lobular c lu s te r  system  o f (1 ,7  + 0 . 2 )x  lo'*^  
years from ex ten siv e  ob servation s o f  RR Lyrae v a r ia b les  in  c lu s te r s ,  J
For a given  value o f  the Hubble constant H ,^ i t  i s  w e ll known th at the age o f
-4
the un iverse i s  a fu n ction  o f  the p resen t mass d en sity  fo . A lower age
lim it  o f  1 ,6  X 1 0 years excludes values fo r  H^  oi 100, w hile  H^^rSO i s
c o n s is te n t  w ith  th is  age l im it  i f  / I »  < 0  2 ,  where ^  i s  the c r i t i c a l
d en sity  and th is  va lu e fo r  f i  in p lie s  an open u n iverse . Lower values o f  H 
lead  to the p o s s ib i l i t y  o f  a c lo sed  u n iverse . O bservational determ inations 
o f the Hubble constant f a l l  in to  two categories*  Bandage and Tammann (1982) jIobtain  a value o f » 50 + 7 km, s“* Mpc*^  . This i s  c o n s is te n t  w ith  *{
Bandage's age for  the g lobu lar c lu s te r  system , added to t  ~ 0 ,2  H^' for  I
the form ation time fo r  g a la c t ic  n u c le i ,  to g ive  H ~ 46 + 4 km s * Mpc ' . r|
°  ~ ''IHowever de Vancouleurs (1982) ob ta in s « * 9 5 + 1 0  km s**' Mpc ' I f  a |
reduction  in  g lobu lar c lu s te r  ages o f  the magnitude suggested  by our 1
Jr e s u lt s  can be ach ieved , values fo r  H^>> 50 need not be con trad ictory  to them,
:i
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The ta n ta lis in g  nature o f  th is  la s t  r e s u lt  in d ic a te s  the importance o f  
fu rth er study o f s t e l l a r  ev o lu tio n  w ith  the Carson o p a c it ie s .  We have 
already mentioned the lack  o f  data fo r  red g ian t e v o lu tio n , and the p au city  
fo r  low-mass main-sequence ev o lu tio n . We hope th a t the Carson o p a c it ie s  
w il l  be augmented by data fo r  a la rg er  range o f  p opulation  II  com positions, i
and th at improvements to high d en sity  and low temperature values w i l l  become 
a v a ila b le . More ex ten s iv e  s tu d ie s  o f horizontal-branch  ev o lu tio n  w ith  I
sem iconvection  would then be w orthw hile, in  p a r tic u la r  in  ob ta in in g  models 
for  low m e t a l l ic i t ie s  c h a r a c te r is t ic  o f  c lu s te r s  w ith  b lue h o r izo n ta l branche##
• ' -.y r - -.-r; . -
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APPENDIX A, 2
THE CARSON OPACITIES
The Carson o p a c i t i e s  tabulated  for 28 chemical mixtures are presented  
here with the kind permiss ion o f  Dr T.R. Carson. The mixtures are described  
in  tab le  3.2 and in  each tab le  heading.  Logarithms are used throughout to 
give the Rosseland mean opac i ty  due to the rad ia t ive  and conductive o p a c i t i e s  
as a funct ion  o f  temperature and den s i ty .  The format in  which the tab les  
are presented i s  o r i g i n a l l y  due to Carson e t  a l  (1981),  Further d iscuss ion
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